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Abstract

Mathematical and statistical models serve as valuable tools for the analysis and sim-
ulation of infectious disease transmission. This study explores the dynamics of Covid-19
through the utilization of a deterministic epidemic model denoted as SETI,I,HR, incorpo-
rating interventions. The investigation focuses on essential aspects such as the positivity,
boundedness, existence of various equilibria based on the basic reproduction number (Ry),
and asymptotic behavior of solutions around these equilibria in the deterministic model.
Recognizing the significance of environmental noise and the involvement of random fac-
tors in real-world disease propagation systems, we also develop a stochastic version of the
SEII,I,HR model to account for the impact of noise. We establish the necessary conditions
for the existence and uniqueness of solutions for the system and discuss the ergodic station-
ary distribution as well as the conditions for system extinction. To validate our analytical
findings, we conduct numerical studies. Our results indicate that the rate of intervention
and the fraction of the population in quarantine actively influence disease control efforts.

Key words: Stochastic model; Disease intervention; Extinction; Stationary distribution; Sieve
bootstrap test.
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1. Introduction

Infectious diseases are the leading cause of deaths in the low-income countries (W.H.O.,
2020). As of 2019, all communicable diseases together accounted for 36% of all deaths world-
wide (W.H.O., 2020). Some example of communicable diseases are SARS, MERS-CoV,
COVID-19, Dengue, Malaria, etc. Severe acute respiratory syndrome (SARS) is a viral res-
piratory disease caused by a SARS-associated coronavirus. Burden of SARS outbreak in 2003
in Asian countries is around USD $60 billion (Ding and Zhang, 2022). Middle East Respira-
tory Syndrome (MERS) is viral respiratory illness and it was first occurred in 2012 in Saudi
Arabia. Approximately 35% of MERS cases reported to WHO have died (W.H.O., 2022).
Recent outbreak of COVID-19 infection causes around 7 million deaths worldwide (W.H.O.,
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2023b). Dengue is a viral infection caused by the bite of infected mosquitoes. Around half of
the world population are at risk of dengue infection with 100-400 million infections occurring
each year (Bhatt et al., 2013). Along with the dengue, as of 2021, around half of the world
population at risk of Malaria with around 247 million cases and approximately 0.61 million
deaths currently occurring each year (W.H.O., 2023a).

In epidemiology, compartmental SR type models can provide an overall understand-
ing of the dynamics of infectious diseases. Information like spread dynamics, incidence peak
timing, transmission severity, effect of disease control strategies etc. can be obtained by
studying mathematical models (Cai et al., 2017; Ding and Zhang, 2022; Tang et al., 2020; Li
et al., 2020). Classical epidemiological models of communicable diseases are mainly deter-
ministic compartmental systems (Choisy et al., 2007; Wearing et al., 2005). However, disease
incidence growth in general random in nature since uncertainty in contact rates (Cai et al.,
2013; Allen, 2017). Furthermore, disease incidence also depend on population demographic
rates which in-general follows Markovian process therefore, it is related to environmental
noise (Cai et al., 2013; Allen, 2017). Thus, stochastic differential equation (SDE) based
models can provide more realistic information on disease spread at initial stage of infec-
tion (Allen, 2008, 2017; Cai et al., 2013; Mao, 2007; Oksendal, 2013).

Recently, there are few works on infectious diseases can be found in literature based
on stochastic differential equations (Cai et al., 2013; Lahrouz and Omari, 2013; Ding and
Zhang, 2022; Cai et al., 2017; Rao et al., 2012; Din et al., 2021; Sun et al., 2022; Din et al.,
2020; Tuckwell and Williams, 2007). Randomness in these models are incorporated either
by adding random noise in the state equations or by considering environmental fluctuations
in some model parameters (Allen, 2008, 2017). Cai et al. (2013) found that random fluctua-
tions can suppress the disease outbreak that leads some insight on disease control strategies.
Lahrouz and Omari (2013) considered a SIRS epidemic model with general incidence rate
in a population of varying size. They analytically determined the sufficient conditions for
the extinction and the existence of a unique stationary distribution. Ding and Zhang (2022)
developed a stochastic SIRS epidemic model with information intervention. Author’s de-
termined that the average in time of the second moment of the solutions of the stochastic
system is bounded for a relatively small noise. Furthermore, they found that information
interaction response rate have a vital role in reducing disease incidence, and as the intensity
of the response increases, the number of infected population decreases, which is beneficial
for disease control (Ding and Zhang, 2022). Cai et al. (2017) considered a stochastic version
of SIRS epidemic model with ratio-dependent incidence rate. Author’s mathematically de-
rived some results on permanence and extinction of the proposed stochastic epidemic model.
Rao et al. (2012) determined stability of an epidemic model with diffusion and stochastic
perturbation. Din et al. (2021) use a stochastic Markovian dynamics approach to describe
the spreading of dengue and the threshold of the disease. Some mathematical properties of
the stochastic epidemic model are determined.

In this paper, we first develop a deterministic SEII,I,H R epidemic model with fre-
quency dependent incidence rate based on the assumption that a susceptible individual may
get infection either by contacting a symptomatic or an asymptomatic or an exposed indi-
vidual. This deterministic model also considered the transmission variability among differ-
ent transmission rates from symptomatic, asymptomatic and exposed individuals. Further-
more, model also considered the awareness effect (for example spreading awareness program
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through media, proper hand sanitization, social distancing, wearing mask, etc), and infection
(exposed population) quarantine effect. Main objective of this work is to study the effect
of stochastic perturbations in the developed deterministic SE1I,I,H R epidemic model. In

particular, we focused on answering the following questions:
e A detailed study of the SEI1,I,H R epidemic model and its stochastic version. Then

comparison between their dynamics based on various factors.
e How the effect of intervention and quarantine effect influenced the dynamics of a disease
in presence of environmental fluctuations.

The rest of the paper is presented as follows: In section 2, detailed SEI1,1,H R model
is formulated. In section 3, some basic properties (example: positivity of solution, global
stability of the disease-free equilibrium, local stability of the endemic equilibrium, etc) of
the deterministic SEI1,I,HR model are studied. Detailed formulation of the stochastic
SEII,1,HR model is shown in section 4. We also discussed Euler Maruyama scheme to de-
termine the numerical solution of the stochastic differential equation. Next, we analytically
studied the existence and uniqueness of the solution for the SDE model in section 5. More-
over, long term disease extinction, ergodicity of the solution is studied analytically through
various mathematical as well statistical concept. In section 6, we numerically studied the
deterministic system to support its analytical findings. We further studied the stochastic
system and generated various sample paths, average density paths, histograms of densities,
stochastic extinction scenario, etc. We have replicated the system very large times to adress
the role of quarantine population in the trend of infection. Finally, we discuss and conclude
our study.

2. The mathematical model

We start with a deterministic compartmental SIR-type model where population is
subdivided into seven mutually exclusive sub-classes namely susceptible (.5), exposed (E),
symptomatic (), asymptomatic (I,), quarantined (1,), hospitalized (H) and recovered (R),
respectively. We considered frequency dependent force of infection with the assumption that
susceptible can get infection in contact with the symptomatic (/), asymptomatic (/,), and
exposed (E) cases, respectively. However, we also assumed that the probability of infection
form the exposed and asymptomatic cases are lesser compared to the symptomatic cases
with transmission modification parameters 7;(0 < n; < 1), and 72(0 < 7y < 1), respectively.
Furthermore, we also considered the effect of some intervention that reduce the transmission
rate 3 by a factor (1—k), where 0 < k£ < 1. In epidemiological point of view, this intervention
represents some awareness effect among the susceptible population that reduce the contact
with the infected populations (exposed, symptomatic and asymptomatic). The intervention
strategies includes the preventive measures such as lock-down, spreading awareness program
through media, proper hand sanitization, social distancing, wearing mask, etc. which results
in slowing down the disease transmission process.

We assume variable human population with recruitment rate II. The susceptible
compartment reduced due to new infection and natural deaths at rate ug. Exposed popula-
tion increased due to new infection coming from the susceptible compartment and reduced
due to natural deaths at a rate py. After the incubation period %, a fractions p; and ps of
the exposed population become symptomatic and asymptomatic infected and the remaining
fraction (1 — p; — po) of the exposed population become quarantined. Symptomatic infected
compartment () is increased due to inflow of infected population coming from the exposed
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class (F) and reduced due to natural death at a rate p, and a fraction a become hospital-
ized. Asymptomatic infected compartment (1,) increased due to inflow of a fraction py of
the exposed population after completion of the incubation period % This compartment is
decreased due to natural recovery and death at rates 7, and pg4, respectively. Quarantined
compartment (I,) increased due to those exposed individuals who are quarantined and this
compartment is reduced due to hospitalization of symptomatic cases, natural death and re-
covery at rates oy, v, and pg, respectively. Hospitalized compartment (H) is increased by
the patient coming from the symptomatic class and quarantined compartments at rates «,
and ay, respectively. This compartment is decreased due to recovery, disease related death,
and natural death at rates v, d, and pg4, respectively. Recovered compartment increased due
to inflow of individuals coming from asymptomatic, quarantined, and hospitalized compart-
ments, respectively. This population is reduced by natural death at a rate uy. Based on all
the assumptions our deterministic the epidemic model that represents the rate of change of
different disease classes are provided below:

ds S
= H—-(1- k)%(f—i‘?hfa +mE) — paS,

dt

% = (1—k)'éj)v—s(f+771[a+772E)_‘7E_“dE’

% = pioE —al — pyl,

% = p2o0E — a1y — pala, (1)
% = (1=p1—p2)oE — (g + 7)1y — paly,

% = ol tagly— (v +6)H — paH,

e Y AT A S 3

The schematic diagram and the description of the parameters used in the model (1)
is presented in Fig. 1 and Table 1 respectively.

Figure 1: A Flow diagram of the model (1).
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Table 1: Description of various parameters used in the model (1).

Parameter Definitions Value Reference
11 Recruitment rate 10 Din et al. (2021)
Ld Death rate 0.2 Din et al. (2020)
m Modification parameter 0.1002  Senapati et al. (2021)
12 Modification parameter (0.1,0.4) Assumed
k Strength of intervention (0,0.6544) Senapati et al. (2021)
B Rate of disease transmission 1.7399  Senapati et al. (2021)
o Rate of transition from E to [ 0.1923 Li et al. (2020)
p1 Fraction of the £ move to [ 0.3362  Senapati et al. (2021)
P2 Fraction of the E move to I, 0.4204  Senapati et al. (2021)
a Rate of transition from I to H 0.2174 Li et al. (2020)
Qg Rate of transition from I, to H  0.1429  Senapati et al. (2021)
Ya Recovery rate of 1, 0.13978 Tang et al. (2020)
Y Recovery rate of I, 0.11624 Tang et al. (2020)
v Recovery rate of H 0.0701 Senapati et al. (2021)
o Rate of disease induced death 0.0175  Senapati et al. (2021)

3. Analysis
3.1. Model positivity

Theorem 1: The solution to the system (1) remains positive for all time ¢ (> 0) given a
non-negative initial condition.

Proof: From (1) we can write

dsS dE (1—k) dl dl,

— =1>0 — = S(I I,) >0, — = E>0, — =
dt ‘S:O — 7 dt |g=o N b ( i ) - dt | 1= Lot = dt 11,0
pQUE 2 07

dl dH dR

—1 =(1—p1—p)oE >0, — :af—i-ozq]qZO,’ = Yolo +7glg +7vH > 0.
dt |r,—o dt |r=0 dt |r=o

Consequently, the system (1) is positive at all times when positive initial conditions are
given. O

3.2. Boundness

Theorem 2: The system (1) is bounded in the feasible region {(S, F, I, I,,1,, H,R) € R :
N(t) <y S(t), B(t), I(t), L,(t), I,(t), H(t), R(t) > 0, at any time ¢ > 0}.
ta

Proof: We begin by considering the total population density N(¢) and utilize the model (1)
in the following manner:

N(t) = S@t)+E(t)+1(t) + L.(t) + 1,(t) + H(t) + R(1),

dN

CV - N
dt MV,
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By using Gronwall’s inequality,
_ —It I
N(t) = N(O)e ™ + 1L ¢ >0,
| ’ )
= lim SupN(t) < -
So we can say that the system (1) is bounded in the region {(S,E,I,1,,1,, H,R) € R :
N(t) < %; S(t), E(t), I(t), 1,(t), 1,(t), H(t), R(t) > 0, at any time ¢t > 0}. O

3.3. Local stability of disease-free equilibrium (DFE)

The DFE of the model (1) is given by EO(%, 0,0,0,0,0,0).
The local stability of Ey in the system (1) can be established using the next generation
operator method. Following the notation in Driessche and Watmough (2002), we denote the
matrices F' and V' for the new infection and transition terms, respectively, as follows:

(1—k)8 (1—k)8 (1—k)Bmp O
Fo 0 0 0 0
0 0 0 0|’
0 0 0 0
(0 + 1a) 0 0 0
Y —p10 (o + pa) 0 0
—pa0 0 (Va + 1) 0
|—(1—p1 — p2)o 0 0 (g +7q + )

Therefore, the basic reproduction number, denoted by R, (Hethcote, 2000) and cal-

culated as p(F'V~') where p represents the spectral radius, can be expressed as Ry =
n2(1-k)B pio(1-k)p (1—k)Bnip20
(o+pa) (o4pa)(a+tpaq) (o+pa)(Yatra)

By utilizing Theorem 2 from Driessche and Watmough (2002), we can establish the
following result.

Lemma 1: The DFE, Ej of the model (1) is locally-asymptotically stable (LAS) if Ry < 1,
and unstable if Ry > 1.

3.4. Global stability of DFE

In order to demonstrate the global stability of Ey in the model (1), we can rewrite
the system as follows:

dX ,
e T(X,I') (3)
dI’

E — G(X,],)7 G(X,O)ZO,

where X = (S, H, R) € Ri represents the components denoting the number of unin-
fected individuals, and I' = (E, I, I,, I,) € R% represents the components denoting the num-
ber of infected individuals, including latent, infectious, and other categories. Ey = (X*,0)



2025] EXTINCTION AND STATIONARY DISTRIBUTION 145

represents the disease-free equilibrium of the system eqrefEQ:eqn 2.3. For the system (1),
the expressions for T'(X, I') and G(X, I’) are in the Annexure.

From the expression of G(X, I’), it is evident that G(X,0) = 0.
To demonstrate the global stability of £ = (X*, 0), the following two conditions must
be satisfied:
dX

(H1) For o T(X,0), X* is globally asymptotically stable.

(H2) G(X,I') = AI - G(X,I), G(X,I) > 0 for (X,I') € Q,

Here, A = DpG(X*,0) represents an M-matrix, where the off-diagonal elements are
non-negative. Additionally, {2 denotes the region in which the model (1) holds biological
significance.

Now, we can express the system defined in (H1) as follows:

dsS

— =TI —u4S 4
dR

— = —uR.

i Hd

By solving this system of equations analytically, we obtain the following solution: S(t) =
% + e H'(S(0) — %), R(t) = e #'R(0). Ast — oo, S(t) = %, R(t) — 0. Hence, X* is

dX
globally asymptotically stable for y T(X,0).

Therefore, we can conclude that (H1) holds for the system (1). Now, the matrices A
and G (X, I) for the system (1) are in the Annexure.

It is evident that A is an M-matrix, and since S(t) < N(t) holds in €2, we can conclude
that G(X, 1) > 0 for (X,I) € Q. Based on the findings presented in Castillo-Chavez et al.
(2002), the following result can be stated:

Theorem 3: The DFE of the model (1) is globally asymptotically stable in € whenever
Ry < 1.

3.5. Existence of endemic equilibria

In this section, we establish the existence of the endemic equilibrium for the model
(1). Let us denote ky = 0+ g, ko = a+ g, ks = Yo+ poa, ka = og+v,+ pha, ks = v+0+ pa-
Let E.(S*, £, I*,I;, Iy, H*, R*) represents any arbitrary endemic equilibrium point (EEP)

of the model (1). Further, define \* = (l_f,)*ﬂ[* + (l_k])vﬂ*m]“ + (l_k])f*mE*.
So we have E, in terms of A* by solving the equations in (1) at steady-state (see Annexure).

By substituting the E, expressions into \*, we can observe that the non-zero equilib-
rium of the model (1) satisfies the following linear equation in terms of A\*: agA* 4+ a; = 0,
where, ag = kokskakspta+ kskaksprap10 +koksksprapro + kokskspa(1— pr — p2)o + kskaprqapio +
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koksptacg(1—p1—pa2)o+kokaksYapao +koksksya(1—p1—p2)o+kskayapio+kaksog(1—p1—p2)o
ay = k1k2k3k4]€5ud(1—R0). Since ag > 0, k1 >0, ko >0, k3 >0, ky >0, ks > 0and pug > 0,
it becomes evident that the model (1) possesses a unique endemic equilibrium point (EEP)
when Ry > 1. On the other hand, when Ry < 1, there is no positive endemic equilibrium
point in the model. Based on the analysis, we can conclude that there is no existence of
equilibrium other than the disease-free equilibrium (DFE) when Ry < 1. Additionally, it can
be demonstrated that the DFE Ej of the model (1) is globally asymptotically stable (GAS)
when Ry < 1.

From the above discussion we have concluded that,

Theorem 4: The model (1) possesses a unique endemic (positive) equilibrium, denoted as
E*, whenever the basic reproduction number Ry > 1. However, for Ry < 1, the model does
not have any endemic equilibrium.

3.6. Local stability of endemic equilibrium point (EEP)

The EEP of the model (1) is given by FE.(S*, E*, I*, I, 5, H*, R*) where the expres-
sions are computed analytically in the Annexure.

3.7. Local stability

Theorem 5: The endemic equilibrium E, exhibits local asymptotic stability if all the roots
of the characteristic equation possess negative real parts.

Proof: The Jacobian matrix of the system at FE, is as follows:

—Py —P —P3 —Pu P Pg P
Py Pee Py Py —Pys —Py —Po
0 Py —Pss 0 0 0 0
Jo=| 0 P 0 —Py, 0 0 0 |,

0 P 0 0 —Ps5 0 0
0 0 Pss 0 Pss —FPeg 0
0 0 0 Py Py P —Prp

where, Py, = SRS (1 o 1% 4 o BY) + pg, Pro = B (gyN — 1 — I —

mE*), Py = 7(1_]@)255* (N = I" —ml, — mE), Py = 7(1_]@55* (mMN — I" —mly — k"),
Py = Pig = Pip = S 4 L7+ pBY) Py = 2B (1 41 4oy B,
Py = S5 (N = I = mI; — pE*) — 0 — g, Pos = S99 (N = I* — I, — pE),
Py = WEIS ()N — [~ I; — pE*), Py = Pos = Py = SB[ oI 1B,
Py = pro, P33 = (a0 + p1a), Pz = p20, Py = (Yo + pa), Ps2 = p3o, Pss = (ag + 7 + Ha),

Pss = o, Pss = oy, Posg = (v + 0 + 11a), Pra = Ya, Prs = V4, Pre =7, Prr = pa-

Here the stability of F, is determined by the presence of negative real roots in the
characteristic equation of Jg, . O

Now, the corresponding characteristic equation is a polynomial of degree 7, and an-
alytical computation becomes challenging. Therefore, we will validate Theorem 5 by per-
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forming numerical computations.
4. Stochastic model

The role of environmental change in shaping epidemic development has been widely
recognized (Oksendal, 2006). The unpredictable nature of human contact introduces inher-
ent randomness into the growth and spread of epidemics, leading to ongoing disruptions
in population dynamics (Beddington and May, 1977; Chen et al., 2023). In the study of
epidemic dynamics, the utilization of SDE models is often necessary due to their ability to
provide a more suitable framework in various scenarios. These models effectively capture the
stochastic nature of population fluctuations and account for the dynamical changes resulting
from subtle parameter variations. In a recent investigation, Hussain et al. (2023) explored a
stochastic version of the MERS-CoV epidemic model, focusing on the ergodic stationary dis-
tribution and criteria for disease extinction. Concurrently, Shi and Jiang (2023) introduced
a stochastic compartmental model for COVID-19, integrating an Ornstein-Uhlenbeck (OU)
process into the contact rate. Their analysis included the criteria for stationary distribution
and the derivation of the probability density function near quasi-equilibrium. Additionally,
the impact of the OU process on the stochastic model’s dynamic behavior was examined.
Tan et al. (2023) delved into a stochastic SIS epidemic model enriched by media coverage.
Through the consideration of two threshold quantities, they investigated the stochastic dy-
namics, illustrating scenarios where disease eradication is certain or persistent with a distinct
stationary distribution. Their study also inferred insights based on the intensity of random
disturbances. Furthermore, Ullah et al. (2023) explored a stochastic epidemic model in-
corporating vaccination programs. Extinction and persistence conditions were scrutinized,
supported by graphical representations to validate analytical findings.

Many real-world stochastic epidemic models are formulated based on their determinis-
tic counterparts, with the deterministic version serving as a foundation for their development
(Jiang et al., 2010; Mao et al., 2002; Li et al., 2020; Thomas and Shelemyahu, 1989). Under
the assumption that the coefficients of model (1) are influenced by random noise, which can
be accurately represented by Brownian motion, the resulting model (1) can be transformed
into a SDE in the following manner:

is = :H g U ];]‘%5(1 I, + ngE)}dt 40,5 dB,,

dE = :(1 ]:[’%S(J + L, +E) — o F — WE} dt + 6,F dBs,

il = :plaE —al- udl} di + 0,1 dBs, 5)
I, = :pQUE o, — udfa} dt + 0,1, dB,,

dl, = :(1 o1 — )0 B — (ag + Vo), — pal,|dt + 651, dBs,




148 TAMALENDU DAS, TRIDIP SARDAR AND SOURAV RANA [Vol. 23, No. 1

dH = {oz] +ad,— (v+0)H — ,udH] dt + 0¢H dBg,

dR = |:’Yala + r)/qlq + ’)/H — [,LdR:| dt + 07R dB7,

In the model (5), all parameters and state variables are assumed to be non-negative
real numbers. The influence of noise is taken into account through the functions B;(t), i =
1(1)7, which represent standard Brownian motions, and 6;(> 0), i = 1(1)7, which represent
the corresponding intensities of the white noise. Additionally, the Brownian motion satisfies
the fundamental axiom By (0) = B2(0) = Bs(0) = B4(0) = B5(0) = Bs(0) = B7(0).

Let’s define the vector G for the system (5) as G =[S, E, I, I, I,, H, R]". The transi-
tion probability is specified in Table 2. The expectation E,[AG] and variance E,[AGAGT]
are defined as follows.

it k)BS(I +ml, +nE)

H—udS— N

(1-F)
N

ﬁS(I'F ’Ihfa + ?72E) —oF — /LdE

poE —al — ugl

So the Expectation is E,[AG] = 322, P(AG); = At.

ng’E - rYaIa - Mdla
(1= p1—p2)oE — (aq + ’Yq)Iq — palg
ol +agly — (y+0)H — paH

Yala +vglg +7vH — paR

Also the variance is given below:

M1 Mo 0 0 0 0 0
My My Moz May Mas 0 0
Myo 0 My, 0 0 My At,
Mss 0 0  Mss Msg Msy
0 Me 0 Mg Mes Mo
0 0 Mz Mz Mg Moy

E.[AGAGT] = 2, P[(AG)][(AG)|" =

S oo oo

Here,

My =P+ P+ Py+ Py + Py =TT+ pgS + SRS B+ BB ST + SR 85, 1,
My = My = —P3 = _((lj;k)/BSTIQE);

My = P3+ Py + Ps + Ps + Pr = (1;]\/6)55772E+(1;1\/€)55]+%557711a+0E+HdE§
Mz = M3y = Py = p1oE;

My = Mys = P11 = paoE;

Mas = Msy = Pry = (1 — py — p2)oE;

M3zz = Py + Py + Pig = p1oE + al + pql;

M3z = Mgz = —FPy = —al;
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Myy = Pii + Pro+ Pi3 = p2o B + valo + pals;

M7 = Mzy = —Pio = —7ul4;

Mszs = Pia+ Pis+ Pig+ Pir = (1 — p1 — p2)oE + agly + vl + paly;
Mss = Mgz = — P15 = —aq[q;

Mz = Mys = —Pig = —’Yq[qé

Mes = Py + Pis + Pig + Pog + Po1 = al + agly +vH + 0H + pgH;
Me7 = Mg = — P19 = —vH;

Mz77 = Pio + Pig + Pig + Pay = Yolo + velqg + vH + paR;

Now we define,

N

(1-k)
N

p10E —al — pugl

Drift =@(G,t) = E;C[AAtG} —

p20E — Yalo — pala

al +agly — (v+0)H — pgH

Yala + 7qu +vH — pgR

Also the diffusion is defined as

i 1—-k
IT — pgS — ( )BS(I—FmIa + o E)

BSI +mla+mE) - oE — pyE

(1 —pP1 — pQ)UE - (aq + Vq)Iq - ,U«qu

149

My My O 0 0 0
Moy May Moz Moy Mo 0
0 M3 Mzz 0 0 Msg
Dif fusion = D(G,t) = /Z=BAC — |1 0 My 0 Mu 0 0 Myl
0 M O 0  Mss Msg Msy
0 0 Mes 0 Mg Mes Mer
| 0 0 0 M7y Mzs Mz M)
By incorporating the drift and diffusion equations, the SDE for the system can be expressed
as follows:
d§(t) = C(G,t) dt + D(G,t) dB(t)
i.e.,
11— a8~ 88 4t 4 ne)
(1—Fk)
s - PSUAmla+mE) =0 —pak My M2 0 0 0 0 0
E Ma1 Moz Moz Moy Mos 0 0
I p1oE —al — pgl 0 Mss  Mss 0 0 Ms3g 0
d|L| = dt + 0 Myo 0 Myy 0 0 My | dB (t)
Iq pQO'E - ’Ya[a - Md.[a 0 M52 0 0 M55 Ms(; M57
H 0 0 M63 0 M65 M66 M67
R (1 —=p1—p2)oE — (g +v9)1qg — palq 0 0 0 Mrpy Mrs Mre Mry7
al +agly — (v +0)H — paH
L Yala +7vqlqg +vH — paR i
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Table 2: Possible changes in the process of the model

Transition Probability
(AG); = [10000007 |P = IIAt
(AG), = [-1000000]7 | Py = pugS At
(AG); = [-11000007 | Py = (1]_Vk>ﬂsn2EAt
(AG), = [-10100007 |P, = “;Vk)ﬁsvm
(AG); = [-10010007 | P = (1]_Vk>ﬁsmfa At
(AG)s = [0 —1000007 | Py = oE At
(AG); = [0—-100000]" | P, = uE At
(AG)s = [0110000)7 | P = poE At
(AG)y = [00—10000]" | Py, = al At
(AG)yy = [00 =10000]T | Py = pal At
(AG);; = [0101000]F Py, = pyoE At
(AG);; = [00010007 | Py = 7,0, At
(AG)y3 = [000 —=1000]T | Py = pal, At
(AG)1y = [000—1000]" | Py = (1—py—p2)oE At
(AG);s = [0000 —100]" | Py = a l, At
(AG)1g = [0000 —100]" | Pg = 7,1, At
(AG)1; = [0000 —100]" | Pyy = pal, At
(AG)is = [00100007 | Ps = al At
(AG)19y = [00000 —10]7 | Py = vHAt
(AG)y = [00000 —10]T | Py = GHAL
(AG)yr = [00000 —10]7 | Pyy = pgHAL
(AG)yy = [000000 —1)7 | Pyy = pqRAL
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4.1. Euler Maruyama scheme

In this section, we employ the Euler-Maruyama scheme to obtain the numerical solu-
tion of the stochastic differential equation. The model parameters used in the computations
are listed in Table 1. The following computational procedure is followed:

S, (t) = C(Gn,t) dt + D(Sn, t)dB(1)

[ 1—k
I — pgS — ( N )55(1+n11a+n2E)
1—k
fgnil] g U080 4 il + ) = o — ol
Sr S
n+1 n
?n—&-l ?n prok —al — pgl
n+1 _ n
§%+1 B ?711 * pQUE - fya]a - H’d]a dt
q q
n+1 n
—gn“ gn (L= p1 = p2)oE — (g + )L — paly

al +agl, — (v+0)H — pgH

f)/aIa + Vqlq + ’)/H - HJdR

(M, M, 0 0 0 0 0
Moy My Moz Moy My 0 0
0

+ 0 Mo 0 Mya 0 0 My 5Bn
0 Ms O 0  Mss Mss Msy
0 0 Mez 0 Mg Mes Mer
| 0 0 0 Mgy Mz Mqe My
5. Parametric perturbation of the model

Let (2, F,{Fi}t>0,P) be a complete probability space equipped with the filtration
{Fi}i>0. The filtration is assumed to be increasing and right-continuous, and F; contains
all P-null sets. Throughout the paper, we denote a A b as the minimum of @ and b, a V b as
the maximum of a and b, and (y(t)) as the time average of y(t) defined as %fot y(s) ds.

5.1. Existence and uniqueness of the global solutions

In order to investigate the dynamic characteristics of the system described by equation
(5), the initial step involves verifying the presence of a unique positive solution for this
system. This section aims to provide a comprehensive explanation regarding the existence
of a unique positive solution to the SDE model represented by equation (5).

Theorem 6: For any initial value (S(0), £(0), 1(0), 1,(0), I,(0), H(0), R(0)) € R, there is a
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positive solution (S(t), E(t), 1(t), 1.(t), 1,(t), H(t), R(t)) of the stochastic model (5) for t > 0
and the solution will maintain in R? with probability one.

Proof: The constants involved in the equations are locally Lipschitz continuous for the given
initial population sizes (S(0), E(0), 1(0), 1,(0), 1,(0), H(0), R(0)) € R’+ when t € [0, Te],
where 7, is the explosion time (Yanan and Daqing, 2014; Ji and Jiang, 2014). To establish
the global nature of the solution, it is necessary to prove that 7. = oo almost surely (a.s.). We
select kg > 0 to be sufﬁaently large such that S(0), £(0),1(0), 1,(0), 1,(0), H(0), and R(0)
all fall within the interval [ , ko). For each integer k > kg, we define the stopping time 7, =
inf{t € [0, 7] : mln(S(t),E(t),](t),]a(t),Iq(t),H(t), R(t)) < 1 or, max(S(t), E(t), I(t), L.(t),
Io(t), H(t), R(t)) = k}.

We define inf(¢) = oo for the empty set ¢ according to the given notation. By
definition, as k approaches infinity, 7, increases. We set 7., as the limit of 7, as k tends to
infinity, with 0 < 7, < 7. almost surely (a.s.). By proving that 7., = oo almost surely, we can
demonstrate that 7. = co, and it follows that (S(t), E(t), I(t), L.(t), I (t), H(t), R(t)) € RT
a.s. for all t > 0.

Now, we define a C? function V : Rl — R such that
V = VIS(t), B(t), 1(0), T(t), I,(t), H(t), R(1)) = S(t) — 1 — log S(t) + E(t) — 1 — log E(¢)
+1(t) —1—log I(t)+ I.(t) —1—log I, (t) + I,(t) — 1 —log I,(t)+ H(t) — 1 —log H(t) + R(t) —
1 —log R(t).

Here the function V' is non negative as y — 1 —logy > 0,V y > 0. For arbitrary values
of k > kg and T' > 0, applying the It formula to equation (5) yields the following result.

dV (S, E,I,1,, 15, H,R) = (1—4)dS+6,(S—1)dB;(t)+ (1 — £)dE+0,(E—1)dBs(t) +
(1—1)dI +65(I —1)dBs(t) + (1 Ii)df +04(1, — 1)dBy(t) + (1 i)df +05(1, —1)dBs(t) +
(1 — %)dH + 6g(H — 1)dBs(t) + (1 — £)dR + 67(R — 1)dB7(t)

= LV (S,E,I,1,,1,, H, R)dt + 0,(S — 1)dB; (t) + 02(E — 1)dBa(t) + 05(I — 1)dBs(t) +
04(1, — 1)dBy(t) + 05(1, — 1)dB5(t) + 0s(H — 1)dBg(t) + 07(R — 1)dB(t).

In equation (5), LH : Rl — R is defined by the following equation

1—-k 0?
LV(S,E. 11,14, H, R) = (l_é)[n_ﬂd‘s— ( N )5S(I+771]a+7]2E)]+21+<1—

1 1=k 02 1 02
E) N BS(UI+ mly+mE) —oE — gk +§+(1—j)(PlgE—OJ—Md])ﬂL?WL(l—
1 62 1 62
7)P20E = Yala — pala) + 54 + (1= ) (A= p1 = p2)oB = (ag + 0Ly = paly) + 55 +(1-
a q
1 02 1 62
el +agly = (v +0)H — pall) + 50 + (1 = 5)(vala + %l +7H — pal?) +

< H(l—%)+7ud+%+mﬁff“+mﬁ%—kﬁﬁ—kmﬁ%—knzﬁ%JraJraJr%Jr

1 L
PIOF 4 paof =g =g — Oy — g+ + 08— Yk %ﬁ—v%f;é

Nm

7
<H+Tpg+o+a+v+v+06—ay— Z K (say)
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Here, K is a positive constant that is independent of the variables S, E, I, 1,, 1,, H,
R, and the time ¢. Therefore, dV (S, E,I,1,,1,, H,R) < Kdt + 61(S — 1)dB;(t) + 02(E —
1)dBs(t) + 03(1 — 1)dBs(t) + 04(1, — 1)dBy(t) + 05(1, — 1)dB5(t) + 6:(R — 1)dBx(t)

Integration both sides of above equation from 0 to 7 AT

EV( St ANT),E(rg NT), I(1i NT), L(mix NT), 1y(1i NT), H(rxe NT), R(1i, NT))] <
V(5(0), E(0), 1(0), 1a(0),
I

(
a
B4(
R(0

T NT

0), H(0), R(0)) + K (s AT) + B f 01(S — 1)dB, (1) + 05 (E — 1)dBa(t) + 05(I — 1)d B (t) +

1, —1)dBy(t) +05(1,—1)dBs(t )+97(R—1)dB7( )] < V(S(0), E(0), 1(0), 1.(0), 1,(0), H(0),
)+ KT

Setting Q = 7, < T for k > ky and by P(7, <T) >¢€, P() > €.
It is worth noting that for every w € Q, there exists at least one combination of S(7x,w),
Bt w), I(1,w), Lo(e, w), Iy(m, w), H (7, w),R(7, w) that is equal to either k or ; and
hence V' (S(7%), E(7), L(7), La(Tk), 14 (Tx), H (%),
R(7x)) is not less than (k — 1 —logk) or ( — 1+ logk).
Consequently, V(S(7x), E(73,), (1), Io(7k), Iy(7i), H(1%), R()) = E[(k — 1 —logk) A (3 —
1+ logk)].
Thus, it follows from P(7,, < T') > € and equation (5) that
V(S(0), £(0),1(0),1,(0), 1,(0), H(0), R(0)) + KT > E[la,V(S(7x), E(7x), 1(7%), Ia(7%),
Ly(mh), H(7i), R(7i))] = €[(k — 1 —logk) A (5 = 1 + logk)]
Here, 1q,, denotes the indicator function of 2. By letting & — oo, we arrive at the con-
tradiction oo > V(S(0), E(0), 1(0), I,(0), I,(0), H(0), R(0)) + KT = oo. This implies that
Too = 00 a.8., thereby completing the proof. O

5.2. Extinction of the disease

Next, we will investigate the dynamic behavior of the epidemic model to determine
the conditions for long-term disease elimination. We aim to derive the conditions under
which the disease will become extinct within the community. This leads us to the following
lemma.

Lemma 2 (Strong Law of Large Number, (Lahrouz and Omari, 2013; Din et al., 2020)):
Let M = {M};>¢ be continuous and real-valued local martingale, which vanish as t — 0,

then lim <M M), = 0, a.s., = tlggo <M]‘74]\t4>t = 0, a.s. and also, hm sup<MM> < 0 a.s.,

= hm Mt =0, a.s.
t—o0
Theorem T7: Let (S(t), E(t),I(t), 1,(t), I,(t), H(t), R(t)) represent the solution of system
(5) for any initial value (S(0), E(0),1(0),1,(0),1,(0), H(0), R(0)) € RT. If R} < 1, then
the solution (S(t), E(t),1(t), 1.(t),1,(t), H(t), R(t)) of system (5) satisfies hm suplnE(t) <

(0 + pa + %)(ROE —1) <0 a.s., where RY% = OW#;W So for R% < 1 the disease will
(o+pa+5)
be eradicated in the long term. ’
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Proof: Applying the It6 formula to the second equation of model (5), we obtain

din E(t) = dg((f)) = [SEBE(T+ml,+mE) — 0 — pg — @]dt + 62d Ba(t)

<[(A=K)B+A—-k)pm+(1—Fk)pn—0—ps— %]dt + 602dBs(t)

<[(1=B)B+m +m) = (0 + pa) = Gt + 02dBs(t)
Integrating the above formula from 0 to t on both sides, we obtain
2
In E£(t) —In £(0) < fOt[(l —Ek)B(L+m +n) — (0 + pa) — %]ds + fot OodBa(t).

According to the strong law of large numbers (Lahrouz and Omari, 2013; Khasminskii,
2011), we have, lim sup £ fot dBsy(t) =0, a.s.
t—o0

2

. n (%
So, lim sup™ 20 < L [1[(1 = k)B(1+m +1m) — (0 + j1a) — F]ds

<

(1—=k)B(14+m +n2) — (0 + pa) — 625]

2
§(U+Md+%)

(A-k)B(t+m+n2) 1
02
(o+pa+4)
If we choose Ry = U=RBUEmEm) it jmplies lim sup@ < (o4 pa + ?)[ROE -1 <0
(o+pa+-2) b0
if RY, < 1.
Therefore, the above result indicates that

lim E(t) =0 a.s.,
t—00
which implies that the disease will be eradicated. This completes the proof. O

5.3. Ergodic stationary distribution

When a disease spreads rapidly within a population, understanding its long-term dy-
namics becomes a significant concern for health officials. In order to study and address this
issue mathematically, stability analysis tools are commonly utilized. Deterministic models,
under certain conditions, can show the existence of an endemic equilibrium and its global
asymptotic stability. However, in the context of stochastic systems, the presence of an en-
demic equilibrium is not guaranteed, posing challenges in predicting the persistence of the
disease within the population (Din et al., 2020). In our study, inspired by the work of
Khasminskii (2011), we aim to investigate the existence of an ergodic stationary distribu-
tion for system (5). This analysis provides insights into the long-term persistence of the
disease. The deterministic version of the system (5) can be easily obtained by setting 6; = 0
for ¢ = 1 to 7, resulting in a straightforward conversion. However, it is important to note
that the original stochastic model and its deterministic counterpart exhibit significant dif-
ferences. Moreover, empirical evidence suggests the absence of an endemic disease state in
the stochastic system, challenging the applicability of traditional linear stability analysis to
assess the disease’s sustained presence. Consequently, our research focuses on investigating
the stationary distribution of the proposed system (5), specifically exploring the existence
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of ergodic stationary components.

Let’s consider the assumption that X (t) is a regular time- homogeneous Markov pro-
cess in R". Mathematically, it can be represented as dX (t) = b(X)dt+>.F_, 0,.dB,(t), where
b(X) represents the drift term.

The diffusion matrix is defined as A(X) = [a;;(x)], ai;(x) = S ol(x)o%(z) as.

Lemma 3: (Din et al., 2020) The Markov process X (¢) has a unique stationary distribution
m(-) if there exists a bounded domain U C R? with a regular boundary such that the closure
U € R satisfies the following properties:

1. In the open domain U and some of its neighbors, the smallest eigenvalue of the diffusion
matrix A(t) is set far from zero.

2. If € R, the mean time 7 at which a path issuing from x reaches the set U is finite,
and sup,cr ET" < oo for every compact subset. Moreover, if f ( ) is a function integrable

with respect to the measure 7, then P TIE};O z fOT = [pa fl@)mdz| = 1.

pa(1=k)Bpio
02 02 02 :
(Md+71> <U+Md+72> <a+ud+73)

Theorem 8: If Rj > 1, then a solution (S(t), E(t), I(t), 1.(t),1,(t), H(t), R(t)), of system
(5) is ergodic. Moreover, 3 a unique stationary distribution 7(.).

For future reference, let us define another threshold value R}, =

Proof: First, we will demonstrate that the second condition of Lemma 3 is satisfied. To
accomplish this, we will construct a non-negative C? function V : RZF — R, such that it
satisfies the following properties:

V=N(t)—ciInS(t) —coln E(t) — c3In I(t), with ¢; > 0, i = 1(1)3. Applying Itd's formula,
(Mao, 1997), we obtain

2 _
LV = (I—pgN—0H)—c [1; ,Ud_i(l )5(1+7711 +772E)—9}—62[(1 k>ﬁ§(1+ml'a

2 N FE
02 FE 62
—H ,udN 5H—Cls—|—€1,ud+01<l k’)ﬁN—i‘Cl(l k)ﬁnl +C1(1 ]{3)6772]\74‘61
co(1—k) x5 —co(1—Fk)Bm 5 N =—cy(1— k)Bna 22 NE +C2(U+Md)+027—03P10 +03(04+Md)+03 5

—{,udN-f—Clg[ +CQ<1 — k) +Cgp10 } +H+cl(ud+ )—I—CQ(O'—i-/Ld-i- %2) +

es(ot pa+ %) + o {(1 —k)By + (1= k)Bmy + (1 - k)ﬁﬂzﬂ

2 2 2
B Ty () 4 ea( ot B )+ cs (ot pa+ ) +

= —4 |:/JJchl SCQ(1 k) ﬁ63p10
| (1= 0% + (1= B)imk + (1= K)o

W=

2 2 2
= —4[/%(1 —k)ﬁplaﬂclcws} +H+01<Md+971)+02(0'+/~0d+ 972)+03(04+Md+073)+
o |(L= WB% + (L= B)gmb + (1 - k).
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Now we assume that, IT = ¢;(uq + %) = co(0 + pg + ?) = c3(a + pq + %) where,
il

II I _
c = 7y G2 = 72 and c3 = AN
(,ud-i- ) (U—O—pd-i— ) (a+,ud+73)

; Md(l—k)ﬁglcfﬂ4 :
(o) (o oy
(1— k)ﬁnzﬂ < —4I1 {(R*)‘i —1l+a [(1 - k)ﬁﬁ + (1 - k)ﬁm% +(1 - k)ﬁ%%
pa(l— k)ﬁmo

92 02 :
D)oo D )

We define another function of the form:

V=c¢g {N(t) —cInS(t)—coIn E(t) —c3 ln](t)} —InS(t)—InE({t)—Inl(t)—Inl,(t)—
In1,(t)—In H(t)—In R(t)+ N(t), where, ¢4 > 0 represents a constant that will be determined

later.
Therefore, V =,V —InS(t) —In E(t) —In I(t) —In [,(t) —In [,(¢) —In H(t) —In R(t) + N(t).

N

So, LV < —4

AT [(1 —B)BL + (1 k)L +

where, R} =

According to Lemma 3 and the continuity of V (S, E, I, I, I,, H, R), we can conclude
that V(S, E,I,1,,1,, H, R) has a unique minimum value around (Sp, Fo, lo, Iay, I, Ho, Ro)
in the interior of RT. Now we define a non-negative C? function V : RT — R} as V =
V(S,E,I,1,,1,,H,R)—V(So, Eo, Io, Loy, Iy, Ho, Ro)-

Applying [td's formula to V', we obtain

LV =csLV—-LInS(t)—LInE(t)—LInI(t)—LInI,(t)—LIn H(t)— LIn R(t)+LN(t)
1 II

SQ{—4Hkﬁy—4}+qk1—kw§+w1—mﬁmk+w1—mﬁm§H—L9—ud

1—k 0? 1—-k) S 92
_{ N )5(1+771f +772E)—21} [(N)ﬁE(Ierl +772E)_0_Md_2}_

E 62 E 02 I I, 62
{PlU—Oé—/ubd—] {PW—%—W—] [Oé+04q—7 0 — ,ud—]—

I 2 1, 2 H H 2
L I, H 02
eyt T T N — 6H
< —ccstcrea(1— k?)/BN+C1C4(1 k)5U1[*“+C1C4(1—k)5772%—%+Md+(1—k)5§+<1—
)Bmf‘ﬁ(l k)Bna &+ *—(1 k)Bxg—(1—k) Lo (1—k) B S 40+ p1g+ 2 —proZ+a+t

2
pat % —pr0 Bt yutpat % ai—aq§+7+5+ﬂd+ va%—vq%—v%+ud+%+ﬂ—udN—5H
where, ¢; = H[(RO) } > 0.

So, LV<—c4c5+(clc4+1)(1 k)B(4+m+m)— S —(1—k)B2L— (1—k)Bm e +6pq+

2 2 2 2
oo+, +y+o— p10 pga——al—&qﬁ—’yaﬁ—'yqﬁ—’yl%—l—ﬂ udN (5H+9 {03463 +0 6107

We define a set as follow:
1 1 1 1
D_{61<S<:12, 61<E<—€12, a<I<l,a<lL<i a<[<i, a<H<Z,
€ < <L
1_R_62
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where ¢; > 0, ¢ = 1,2 are constants, which are very small and will be determined later. We
can divide R” \ D into the following sixteen domains:

Dy ={(S,E,I,I,,I,,H/R) € R",0 < S < e},

Dy ={(S,E,I,I,,I,,H R) € R ,0< E<e€,5 > €1 };
—{(S,E,I,1,,1,,H,R) € RT E > ¢, < &5},
—{(S,E,I,1,,I,, H/R) € R" | E > e, I, < &3},
={(S,E,I,1,,1,,H/R)€ R, I >¢,0< H < e},
={(S,E,I,1,,1,,H,R) € R" I, > ¢,0 < H < &2},
={(S,E,I,1,,1,,H,R) € R" I, > €1,0 < R < &3},
={(S,E,I,1,,1,,H,R) € R" I, > 1,0 < R < &2},
={(S,E,I,1,,1,,H,R) € R H > €,0 < R < €3},

Dio={(S,E,1,1,,1;, H,R) € R, S > 1},

Di={(S,E,1,1,,1,,H,R) € R, E > 1},
={(S,E,1,1,,I,, H R) € R7,I > L1},
={(S.B,1,1,,1,,H,R) € R, I, > 1},
={(S,B,1,I,,1;, H,R) € R}, I, > L},

Dis ={(S.E,I1,1,,1,, H,R) € R, H > 1},

Dis={(S,E,I,I,,1,,H.R) € R ,R> 1}.

For all the above cases, it can be observed that there exists a positive constant ¢ > 0
such that

LV(S,E,I,1,,I,,H,R) < —c¢,V (S,E,I,1,,1,,H,R) € R7. \ D. (see Annexure for
detail)
Let (S,E,I,1,,1,,H,R) =z € R\ D, the time 7" at which a trajectory starting
from x reaches to the set D, 7" = inf{t: |(X(t)| = n} and 7"(t) = min{7*, t,7"}.

By integrating LV from 0 to 7"(t) and using expectations, as well as applying
Dynkin’s formula, we have reached the conclusion that

EV(S(r(t ))7E(T”(t)%I(T”(t)),fa(T”(t))Jq(T”(t)),H(T”(t))aR(T”(t))) - V(x)

= EfT @ LV (w), E(u), I(u), I(u), I,(u), H(u), R(u))du

< E[f/ 70 _eduy = —cET"(t). By utilizing the fact that the function V(z) is non-
negative, we can deduce that E7"(t) < @

Thus, P(7. = oo) = 1, which implies that the model (5) is regular. Applying the
well-known Fatou’s lemma, we obtain E7"(t) < @ < 00.

Obviously, sup,ex ET" < 0o where K C R’.. So the second condition of Lemma 3 is
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satisfied. Moreover, the diffusion matrix for system (5) takes the form

9252 0 0 0 0 0 0]
0 62E* 0 0 0 0 0
0 0 &2 0 0 0 0
B=|0 0 0 612 0 0 0
0o 0 0 0 &2 0 0
o 0 0 0 0 6H2 0

0 0 0 0 0 0 62R%

M = mines g 11,1,8Rr)ep{075% 0357, 031 6117, 0217, 05 H? 67 R*}, we can obtain

Yl aii(S, B 1 1o, 1, Hy R)&E = 01526} + 03E%E5 + 031°63 + 031263 + 021262 +
RIS + RS > ME
where € = (&1, &2, &3, 84,85, &6, &7) € RY.. Thus, the first condition of Lemma 3 is satisfied. It
follows from Lemma 3 that the proposed stochastic model is ergodic with a unique stationary
distribution.

]

6. Numerical simulations

In this section, we perform numerical simulations using R programming to support
our analytical findings. We have taken most of the parameter values from Table 1 and
demonstrated the system dynamics for both R, greater and less than 1. For the parameter
k = 0 i.e. under no intervention, it is observed that Ry = 1.68(> 1) which implies the
disease persist in the deterministic system (1). Similarly, for the parameter k£ = 0.6544 i.e.
with intervention effect, it is observed that Ry = 0.5805(< 1) which implies the disease will
die out from the deterministic system (1).

First, we have plotted the relationship F' = BT latmB) ity respect to a) S, 1,
b) S, H and c) I, H respectively in Figure 2(a),(b) and (c). It is observed that curve (a)
exhibits a quadratic shape, curve (b) follows a sigmoidal pattern, and curve (c¢) shows a
linear relationship. Figure 2(a) illustrates the significant dependence of F' on the infection /.
The three-dimensional representation reveals that for a fixed I, the shape remains relatively
stable concerning S. However, altering I while keeping S constant leads to a rapid increase
or decrease in the shape of F', consequently resulting in a swift change in disease propagation
within the system. Moving to Figure 2(b), an initial rapid increase in F' is observed due to
sudden changes in S, albeit with less intensity compared to the previous scenario. However,
gradual increments in S result in a slower evolution of F', leading to an initial rapid dis-
ease propagation that gradually diminishes as the susceptible population increases. Finally,
Figure 2(c) depicts a gradual yet consistent rise in disease propagation as the infection rate
increases within the system. This indicates that the different compartments have varying and
complex impacts on the spread of new infections. For the above-mentioned parameter values
together with 1, = 0.2, we have drawn a time series diagram to visualize these two scenarios
in Figure 3(a), and (b) for two different values of control parameters & = 0 and k = 0.6544
respectively. Here it is clear that all the compartments go towards a stable equilibrium.
So in Figure 3(a), the susceptible population S (green) goes to stable equilibrium density
approximately 29.67, the exposed E (purple), infected I (red), asymptomatic I, (black),
quarantine I, (pink), hospitalised H (yellow) and recovery population R (light blue) goes
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to stable equilibrium density approximately (10.36,1.6,2.47,1.06,1.74,2.95) respectively. It
also supports Theorem 5, as Ry > 1. Similarly, in Figure 3(b), the susceptible population S

(green) goes to stable equilibrium density at 50, rest of the compartment dies out as time
goes. It also supports Theorem 3, as Ry < 1 and the DFE is Ey(50,0,0,0,0,0,0).

Next, we have simulated the stochastic version of the model (5) through the Euler
Maruyama method. To simulate the path of S(t), E(t), I(t), I.(t), I,(t), H(t) and R(t)
for the model (5), we fixed the initial values (S5(0), £(0),(0),1,(0), 1,(0), H(0), R(0)) =
(40, 30, 10, 30, 12, 15, 8) throughout the stochastic simulation unless it stated in the figure
caption. The parameter values are taken from Table 1 with £ = 0 and intensity parameters
0, = 03,05 = 0.2,0; = 0.1. In Figure 4(a), we consider the other intensity parameters
0y =0.2,05 = 0.1,0, = 0.3,05 = 0.2 and generated the stochastic densities for S(t) (green),
E(t) (purple), I(t) (red), I,(t) (blue), I,(t) (black), H(t) (cyan) and R(t) (violet). We further
generated the stochastic densities corresponding to 6y = 0.4,03 = 0.4,0, = 0.3,0 = 0.4 in
Figure 4(b) and 0y = 0.4,05 = 0.4,6, = 0.6,0s = 0.4 in Figure 4(c). In a similar way, we have
also simulated the scenario in the presence of and high (k = 0.6544) and moderate interven-
tions (k = 0.4). For high intervention we have generated the stochastic densities correspond-
iIlg to 82 = 027 03 = 01, 94 = 03, 06 =0.2in Figure 5(&), 62 = 04, 93 = 04, 04 = 03, 96 =04
in Figure 5(b) and 6y = 0.4,03 = 0.4,04 = 0.6,05 = 0.4 in Figure 5(c). Similarly, for low
intervention we have generated the stochastic densities in Figure 6(a)-(c). We observed that
all the Figures 4(a)-(c), Figures 5(a)-(c) and Figures 6(a)-(c) are stochastically bounded and
have positive, unique solution converges in probability (Theorem 6). Figures 7(a)-(f) repre-
sents four different sample path and their average path of S(t), E(t), I(t), 1.(t), I,(t), H(t)
and R(t) respectively for the stochastic model (5). The parameters are taken from Figure
4 with 01 = 0.3,00 = 0.2,03 = 0.1,04 = 0.3,05 = 0.2,04 = 0.2,07 = 0.1 i.e. without the
presence of intervention. In Figure 7(a) (i.e. stochastic densities with respect to S), we
observed that the one sample path have decreasing flow, others and the average density path
(black) shows stable trend. Similarly, in Figure 7(b) (i.e., stochastic densities with respect to
E) and Figure 7(c) (i.e., stochastic densities with respect to I), we observed that almost all
the sample path shows a stable type of path, as does the average path (black). Figure 7(d)
(i.e., stochastic densities with respect to I,) and Figure 7(e) (i.e., stochastic densities with
respect to I,) shows mixed types of sample path with a larger variation and the average path
(black) also reveals a stable type scenario. Various stochastic densities with respect to H
and its average path also shows a stable scenario (not shown here). Although, in Figure 7(f)
(i.e. stochastic densities with respect to R), we observed that the one sample path goes to
extinction, others and the average density path (black) shows stochastic oscillating, implies
the complex dynamical behavior of the system. Here it reveals there is no extinction scenario
on the average run (see Figure 7(a) -(f)), although some downward trend in sample paths is
observed in S(t),(t),I,(t) and R(t). Next, we generate the figures of average sample path
in the presence of intervention (i.e. k = 0.6544). Following the ideas of Figure 7, we have
generated Figure 8 when Ry < 1. In Figure 8(a)-(b), we observed stable scenario in the
sample paths as well as average path. However, a downward trend is observed in the average
path (see Figure 8(c)-(f)) and in certain extent the result shows a similar behavior like the
deterministic system in long run.

To get more detail on the distribution of the densities of various compartments, we
have drawn histograms (see Figure 9(a-f)) of the densities at the time point 150 for 5000
runs of the system (5). The parameters are taken from Fig. 4. Here, we have observed that
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some sample path shows extinction due to stochastic fluctuation in the I,, I,, R population.
The average densities lies in the approximate range (30,100), (20,60), (15,26), (20,60),
(10,32) and (10,28) for S, E,I,1,,1, and R respectively. Similarly, various histograms of
the densities (see Figure 10(a)-(f)) at the time point 150 shows [,, I;, R compartments have
the chance to extinct in the present scenario, although it is possible to have more probability
of extinction for a large time point instead of 150 as we have already observed a sharp
downtrend in the various compartments in the average run. Histograms were also calculated
at time point 100 to provide enhanced understanding of the temporal dynamics (not shown
here). An extinction scenario may occur for I, at a frequency lower than that of I,, H,
and R. The S compartment exhibits a distribution with a long right tail. Furthermore, the
distributions of E, I, and I, are leptokurtic, while that of I, is positively skewed. Moreover,
we have studied the stochastic extinction of the exposed compartment (see Theorem 7) and
plot R}, with respect to the parameters k and . Other parameters are taken from Table 1
with 75 = 0.1. We have drawn two heat map diagrams by varying disease transmission rate
(8). In Fig. 11(a), we consider a low value of § = 0.74 and observed that moderate value
of control (k) leads to R}, < 1. Consequently its easy to control the disease in a long time.
Similarly, Fig. 11(b), we consider a moderate value of § = 1.74 and observed that large value
of control (k) needed to make R% < 1. Consequently its no so easy to control the disease
in a long time as more area has R} value greater than one. Two different sample path are
drawn (see Fig. 12(a),(b)) for the parameter set same as Fig. 11(a) with £ = 0.6544 and
0, =03, 0, =0.7, 3=0.4, 0, =0.6, 05 =0.2, 66 = 0.4, 0; = 0.1. We have computed the
value of R, (< 1) and observed that both sample path leads to extinction.

6.1. Role of quarantine proportion to the trend of infection

Here we have numerically studied the impact of the fraction of quarantine population
p3 = 1—p; — py to the model (5) in terms of disease propagation. We defined a new infection
term Iy4;s = I+ I, + I, and studied its long term behaviour with respect to the parameter ps.
We simulate the model (5) for two different values at p3 = 0.25, p3 = 0.5 and find the time
series of 1, 1,,1,. We repeat the process for 5000 times and compute the average values i.e.
I IgY, 17", After that we compute I4s = I* + IV + 13" to observe the flow of infection
in the system. The quantity Iy is simulated for p3 = 0.25,0.25 and plotted in Fig. 13(a).
The time series plot I4s(t) for a lower value of p = 0.25 is presented in green colour and
for a relatively higher value of p = 0.5 is presented in red colour. Now following Noguchi
et al. (2011) we have performed robust sieve bootstrap approaches for linear trend detection
for the generated Iys(t) data. As we found the p-value is very small (< 0.01) in both the
case, we tried to fit linear regression models to check the slope of the trend line. The slope
of green line is 0.002578 whereas for the red line its 0.003069. So comparing the slope we
can say that in long term on average the disease for stochastic system with high value of p3
leads to rapid fall of disease compare to the low one. In this context, it is to be noted that
the first difference of Iy;5(t) i.e. D(14s(t)) is stationary (see Fig. 13(b)) in both the case due
to Augmented Dickey-Fuller (ADF) test with p-value less than 0.01. Although I4(t) is not
stationary for both the case due to ADF test with p-values 0.8812 and 0.3716 respectively.
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7. Discussion and conclusion

The World Health Organization (W.H.O., 2020) states that infectious diseases are the
main reason for death in nations with low incomes. Furthermore, according to a recent report,
36% of all deaths worldwide in 2019 were attributable to communicable diseases (W.H.O.,
2020). COVID-19 is a rapidly spreading infectious disease that could pose a worldwide
threat. Mathematical and statistical models are useful tools for forecasting the pattern, du-
ration, effects of different interventions, and other aspects of disease outbreaks. The present
study aimed to develop an intervention-based, deterministic SEII,I,H R epidemic model to
study the dynamics of the most recent COVID-19 outbreak. Moreover, the model includes
the intervention parameter k, which takes into consideration factors like vaccinations, social
distancing policies, lockdowns, and other intervention tactics. Symptomatic, asymptomatic,
and exposed compartments contribute to the spread of new infections. The disease circu-
lates among the symptomatic, asymptomatic, and quarantine populations in proportions
represented by the variables p1, pa, and (1 — p; — p2), respectively. We explored the positive
invariance and boundedness of every forward solution of the model. Furthermore, using
the basic reproduction number (Ry), we explore the local and global stability of the unique
disease-free equilibrium of the model. In addition, we also studied the existence and local
stability of the endemic equilibrium of the model. The deterministic model offers a general
understanding of the spread of disease, but it ignores uncertain variables like immigration,
human behavior, the effects of the climate, and other random factors. Therefore, we de-
veloped a stochastic version of the SEII,I,H R model with a frequency-dependent force of
infection and intervention to study the dynamics of the disease transmission in the context
of changing environmental and population factors. Moreover, we calculated the transition
probabilities to investigate the drift and diffusion components of the SDE while developing
the stochastic SE11,I,HR model. We then discussed some fundamental properties of the
model, including the existence of a unique positive global solution with probability one,
which shows that the problem is well-behaved. We also analytically found that the criteria
RY% < 1 leads to disease extinction in the long term. Additionally, we found the ergodic
stationary distribution and the extinction conditions of the disease by constructing an ap-
propriate Lyapunov function and using the Ifo formula. Finally, we validated the theoretical
findings by generating several numerical solutions to the models. Furthermore, we numeri-
cally determined the relationship between the disease transfer function F' and various disease
compartments of the model (5). Our findings suggest the possibility of three different types
of scenarios, e.g., linear, sigmoidal, and quadratic. Furthermore, for two different scenarios,
Ry < 1 (stability of the DFE) and Ry > 1 (stability of the EE), we generated time-series
diagrams of densities by varying the control parameter k. In addition, to visualize differ-
ent sample paths, we simulated the SDE model by varying the intervention strength and
intensity parameters. The results of our study indicate that the disease does not extinct in
the majority of cases. However, the average density of the sample path in the presence of
intervention shows a decline in average for the disease compartments compare to without
intervention scenario. We have drawn multiple histograms and compared those in two dis-
tinct scenarios to see how the densities of various compartments are distributed at a given
time. In order to observe the extension scenario, we additionally display the R% heat map
in the (k,6s) plane. To calculate R%, two distinct values of disease transmission—low and
high—are used. It is noted that the values roughly fall between (0,2.5) and (0, 5.5), respec-
tively. Lastly, our numerical analysis has demonstrated the positive impact of quarantine
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proportions on the infection trend.

In conclusion, The study has mainly two aspects: (1) To study the deterministic
aspects of the model and observe the disease propagation and impact of intervention. (2) To
formulate the stochastic version of the model and observe the impact of noise, intervention
and quarantine proportion in the disease propagation, extinction and ergodic stationary
distribution. Here we found that as the intensity of intervention increases, the number
of infected patients decreases. This means that intervention plays important roles in the
outbreak of sudden infectious diseases. For example, media reports can be used to provide
the public with information about the current situation of the epidemic and the effective
prevention and control measures proposed by experts. Outbreaks of infectious diseases have
led to a dramatic increase in interventions like media, self protection, containment zone, etc.,
which in turn can help raise awareness and change their behaviors for better implementation
of mitigation measures. People will adopt relatively conservative behaviors to reduce the
possibility of infection, and individual behavior can effectively delay the peak period of
infectious disease outbreaks and reduce the severity of infectious disease outbreaks. However,
a part of this study only focuses on the qualitative analysis of the stochastic models. The
estimation of some key parameters and studying the distribution of intervention scenario
will be an interesting study for the future work.
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Expression of T(X,I'), G(X,I'), A and G(X,I) used in section 3.4.
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Calculations used in section 3.5.
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a—i—%ﬁ—'}/—i—é—plo%—pyf%—a%—aqﬁ"—%%‘—'yqi?—'y%—l—ﬂ—,udj\f—éH—i— 12— a4 61

2 2 2 2 2 2
< (e + (L= K)B(L+m + 1) + 6+ 0 +atyaty+d+11+ OO0+ O 06107
(L= k)BE — (1= k)Bmz
2 2 2 2 2 2
< (crea + 1)1 = k)B(L+ 11 +12) + 6pg + 0 + g +y + & T ATBHOALOOHE
(1 - KBS = (1— k)AL
Let €1 > €3, very small, such that (cicq +1)(1 —k)B(1+m1 +1m2) +6ug + 0 +a+ v, + v+
2 2 2 2 2 2
511 BHRRIOREE (| yga (1 pyspa <o
In such case, we have LV < 0.
Case I1T: (S, B, 1, 1,,1,, H,R) € D3
LV < —cycs+ (crea+1)(1=k)B(L+m+m) — 5 — (1 —k)Bag — (1 — k) B 3 +6pa+ o0 +
2 2 2 2 2 2
atva+y+0—pro¥ —sz% —af— aqlﬁq — Va8 —’qu—Rq — B+ T —pgN —0H + 91+92+a3;94+96+97
2 2 2 2 2 2
< (c1ea+ 1) (1= k)B(L+m +12) + 6+ 0 +a+yq +y+ 5411+ TEETLIEREE ) o 2
< (crea+1)(1—=k)B(1+n1+m2) +6pg+0+a+v,+y+0+1+

Let €1 > €3, very small, such that (cieq +1)(1 —k)B(1+m +m2) +6pg +0 +a+v, +v+
03+03+03+07+05+63

In such case, we have LV < 0.
Case IV: (S,E,I,1,,1,,H,R) € Dy

LV < —cqes+ (crea+ 1) (1 =k)B(L+m+n2) — % — (1—k)BRE — (1 — k) B e +6pq+ o+
62462 +63402+62+62
2

024-02+024-62+02+62
1 2 3 4 6 7 €
5 — P10,

_ €
proc <0.

1 I
at+Ya+7+0—prod —poof —af —ag —va% —VeH —vE T —pgN —6H +

2 2 2 2 02 92

< (c1ea+1)(1—k)B(L+m1 +112) +6pa+ 0+t +ry+ 0+ T4 006t o
2 2 2 02 92 02

< (c1ea+1)(1—k)B(L+m1+112) + 6 +0 + b +y+ 5+ 14 AT ) 0

Let €; = €2, choosee; > 0 small enough such that, (cicq +1)(1 — k)B(1 +n1 + n2) + g +
0+ Yo+ + 8+ T1 4 DO
For this case, we get LV < 0.

Case V: (S,E,1,1,,1,,H,R) € D3
LV < —cyes + (crea+ 1) (1= K)B(L+m +10) — § — (1= k) BRE — (1—k)Bm g +6pa+ o+
a+Ye+y+0— pla% —pga% - a% - aq%" —'ya% —’yq% —fy% +II—pgN —6H + 9§+6§+9§;93+93+03
< (crea+ 1)(1— k)B4 +12) + 6p1a+ 0+ Yo+ + 6+ T EOTIHOAOGHO T

<(crea+1)(1=E)B(L4+n+n2) +6pg+o+a+y,+y+0+I1+

€
—p2o g <0.

H
O1+03+03+014+63+67 _ a1
2 €9
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Let €1 = €3 be as sufficiently small so that, (cics + 1)(1 — k)B(1+m1 +n2) + 6pg + 0 +a +
03463463+03 462462 €1
Yo+ y+0+11+ 5 —ag < 0. Here we get LV < 0.
Case VI: (S,E,I,1,,1,,H, R) € Dg
LV < —cycs+ (crea+1)(1=k)B(L+m+m) — 5 — (1 —k)Bag — (1 — k) B 3 +6pa+ o0 +
I 02 +02+62+02+02+62
a+vat+y+0—prof —proc B —ak —ag —vals — v —1% I paN —0H + 21:2*23;24* 6%
< (crea+ 1) (1= k)B(L+1 +12) + 6+ 0+t yq+y+ 8+ T AHEHOIOH0HE ) Lo
2 2 2 2 2 2
< (crea+1)(1— k)B4 +1) +6ug+ 0+t +y+ 0+ 4 AFTETUHGAE o
Let €1 = €3 be as sufficiently small so that, (cieq + 1)(1 — k)B(1 +n1 +n2) + 6ug +0 +a +
2 2 2 2 2 2
Yoy + 8+ I+ AXRHERUHGE 6 g,
Therefore, we have LV < 0.
Case VII: (S, E,I,1,,1,, H,R) € D
LV < —cacs + (crea+ 1) (L= k)B(L+m+n2) — T — (1—k)BRL — (1 —k)Bm e + 64+ 0 +
5 02 +02+62+62+02+62
I i +024+02+
a+’7a+7+5—p10?—p20%—0%—aqg"—va%—vq%—v%+ﬂ—udN—fH2+ 21+22+232 —
< (crca+ 1) (A= k)B4 +12) + 61+ 0 + 0 yq+y-+ 5+ L AIFOIIAT o T
2 2 2 2 2 2
< (crea+1)(1—k)B(L+n1+m2) +6g+0+atng+ry+§+ T4 DTHEHOIOIGIE o o
Let €1 = €3, choosee; > 0 small enough such that, (cicq + 1)(1 — k)B(1 + m1 + 12) + 6g +
2 2 2 2 2 2
G+ atag byt s BEETEE g o
In such case, we have LV < 0.
Case VIII: (S, E,I,1,,1,,H,R) € Dg
LV < —cacs+ (crea+ 1) (L—k)B(L+m +n2) — 5 — (1 —k)BRE — (1 — k) B 3 + 6pq +0 +
I I 62462+62462+62+62
at+Ya+7+0—p1od —poof —af — g —vaR —veH —VE AT — pgN — 6 H 4 A2 A6
2 2 2 2 2 2
< (crea+ 1) (1= k)BL 401 +772) +6pa+0 +a+yq+y 40 + T DA OtoIt0610 ) Ty
< (aca+1)(A=k)B(L+m+n2) +6pg+o+a+y+y+5+I1+ — Yook

Let €1 > €3, very small, such that (cicq + 1)(1 —k)B(1+m1 +1m2) +6ug + 0 +a+v, +v+
2 2 2 2 2 2
§+T0 4 AHOtOIOa0te oy a <,

In such case, we have L‘? < 0.
Case IX: (S,E,I,1,,14,H, R) € Dy

LV < —cycs+ (crea+ 1) (1= k)B(L+m+m) — 5 — (1 —k)Bag — (1 — k) B 3 +6pa+ o0 +
a+Ye+y+06— pla% —pga% - aé - aqlﬁq —’ya% —’qu—R" —'y% +II—pgN —6H + 9%+6§+9§;0§+9§+93

%+%+ﬁ;ﬁ+%+ﬁ

2 2 2 2 2 2

< (crea+1)(1—k)B(L 410 +12) + 6+ 0+t +y + 8 + T TFOHH0A007 1
2 2 2 2 2 92

< (crea+ 1)(1—k)BLA+11 4 102) +6pq+ 0+t +y+ 6+ I THEHHIH0GHE o

Let €1 = €3, choose €1 > 0 small enough such that, (c1cq + 1)(1 — k)B(1 + n1 + 12) + 6pg +
2 2 2 2 2 2
0+ a+yet+y+ 8+ I ARG ja g
For this case, we have LV < 0.
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Case X: (S,E,1,1,,14,H,R) € Dyg
LV < —cscs+ (crca+ D)1= F)B+m +m) — 5 — (1-k)BNE — (1=k)Bm }%2% +6pat o+
02 +02+62+62+02+0
a+’ya+'y+5—p1a%—pgtf%—O%—aqlﬁq—va%—’qu—Rq—fy%JrH—udN—éHJr 17 3; 4+ +%

2 92 62 92 92 92
< (crea+ 1) (L= E)B(L+m +12) +6pia+0 + g+ 4§ + T A0t 0at0e10;

— palN
< (cres+1)(1—R)B(L4+11 +112) +6p1q+0 + 7o+ + 8 + T LHETGIATOEH0E g
Let €3 > 0 be as sufficiently small so that, (cicq + 1)(1 — k)B(1 +n1 +12) + 6pg + 0 + a +
Yo+ v+ 64 T1 4 WP pa
In such case, we have LV < 0.
Case XI: (S, E,I,1I,,I,, H,R) € Dy

LV < —cqes+ (crea+ 1) (1 =k)B(L+m+n2) — & — (1—k)Bg — (1 — k) By s +6pq+ o+
03+03+03+03+02+63
2

1, 1,
atya+y+0—p1ol —pool —al —a,# —vals — v B —yE + T — pgN —6H +
N 02+6024+602+02+02+62
< (c1ea+1)(1=k)B(1 411 +n2) + 641+ 0 + a7y, +y+0 4 TT A—2a i

— pa N

24 624-02402+624-62
< (crea+1)(1—k)B(L+n1 +12) +6ptg + 0 + -+ 7q +y + 8+ IL AFEHOT0H0E pa

Again choosing €3 > 0 be as sufficiently small so that, (cica + 1)(1 — k)B(1 +m1 + n2) +
03 +03+03+07403+02 g4
bpa+o+a+ye+y+o+II+ : — b ),

In such case, we have LV < 0.

Case XII: (S, E,I,1,,1,, H,R) € Dys
LV < —cyes+ (crea+ 1) (1 =k)B(L+m+n2) — % — (1—k)BRE — (1 — k) B 3e +6pq+ o+
02+62402+62 402462
a+’ya+7+5—p10%—p20% —a% —aqlﬁq—%lﬁ—'yq%?—v% +II—pugN —6H + 1O 3; Rl

03+6034+03+024+62+062

< (crea+1)(A=k)B(1+m+m2)+6pa+o+a+ya+y+0+11+ > — palN

034+603+63+03402+602 1y
2 €2

<(erea+1)(1=k)B(1+m+n2) +6pg+0o+a+y,+v+0+11+
Again choosing €2 > 0 be as sufficiently small so that, (cica + 1)(1 — k)B(1 + m + n2) +

024-024+-024-024-024-02
Gptg + 0 + 0+ g+ + 0 + IT L2t

In such case, we have LV < 0.
Case XIII: (S, E,I,1,,14, H,R) € D13

LV < —cacs+ (crea+ 1) (L—k)B(L+m +n2) — 5 — (1 —k)BRE — (1— k) B e + 6pq+ 0 +
g+ +8—p10E — ppo £ —ak — gt —vals — g J —yE +TI— N — 6H + TGO

2 2 92 02 92 92
< (crea+1)(1—k)B(L+n1 +12) +6pta+ 0+ 7o +y+6+T14 DFLHBHOH0Hr

2 2 2 2 2 92
< (crea+ 1) (1= k)BL 4101 +112) + 61+ 0 + -+ 7q +y+ 8+ T DO g
Again choosing € > 0 be as sufficiently small so that, (cicq + 1)(1 — k)B(1 +m + m2) +
O3 +03+63+651+05+07  pa
bpug+o+a+y,+y+6+11+ 5 — <0
In such case, we have LV < 0.
Case XIV: (S,E,1,1,,1;,H,R) € D4

LV < —cyes + (crea+ 1) (1= K)B(L+m +12) — § — (1= k) BRE — (1= k)Bm kg +6pa+ o +
034+634+63+03+62462
2

1 1,
a+7a+y+6—p10F —paof —af — g —vat =g F —vE T —paN —6H +
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2 2 2 2 2 2
< (crea+ 1) (L= E)B(L+m +12) +6pia+0 + g+ 4§+ L LHHEE0H0HE N
2 2 2 2 2 2
<(crea+1)(1=k)B(A+n1+m2) +6pg+o+a+y,+v+0+1+ 01+€2+93J2r94+06+97 — b

Again choosing €2 > 0 be as sufficiently small so that, (cicq + 1)(1 — k)B(1 +m + n2) +
02+05+054+02402+602 4,
6pa+ 0+ o+, +v+3+I+ ! — b <.
Here we get LV < 0.
Case XV: (S, E,I,1,,1,, H,R) € Di;

LV < —cqes+ (crea+ 1) (1 =k)B(L+m+n2) — % — (1—k)BR% — (1 — k) By e +6pq+ o+
2 2 2 02 92 02
ot Yty +0—p10Z —proZ —ad — agit —vols — vt — v+ T pgN — G H + A0l

2 2 2 2 2 2
< (crea+1)(1—k) B(L+11 +112) +6ptat0 -+t +ry+o+ 4 AT ) N sH

0346034603 +034024+62 ;5
2

€2 €2
Again choosing € > 0 be as sufficiently small so that, (cicq + 1)(1 — k)B(1 +m + m2) +
61d+ 0 + Q4o+ + 8+ T DHEEBIORER0E a0 g,
In such case, we have LV < 0.
Case XVI: (S, E, I, 1,,I,, H,R) € Dig
LV < —cacs+ (crea+ 1) (L= k)B(L+m +n2) — 5 — (1 —k)BRE — (1— k) B e + 6pq +0 +
g+ +8—p10E —ppo £ —ak — gt —vals — g3 — 7 +TI— N — 6H + OO

2 2 2 2 2 2
< (crea+ 1) (1= k)B(L+m1 +72) + 6pta+0 + 7+ + 0 + T 4 DFLTEIOH0HE ) N

< (crea+1)(1=E)B(1+n1+n2) +6pg+o+a+y,+y+0+11+

2 2 2 2 2 2
< (crea+1)(1—k)BL+m1 +12) + 6pta + 0 + 0+ 7q +y + & + T ALFEHOOH0AE o
Again choosing €2 > 0 be as sufficiently small so that, (cics + 1)(1 — k)B(1 + m + n2) +
0346054+63+03462+602 1y
6pg+o+a+v+v+o+1+ 5 — <0

In such case, we have LV < 0.
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Figure 2: The relationship between F = W and (a) S, [upper left
panel] (b) S, H [upper right panel] and (c) I, H [lower panel]. Figure (a) depicts
a quadratic shape, while Figure (b) illustrates a sigmoidal form, and Figure (c)
exhibits a linear shape. The other parameters are 7, = 0.4 and the same from

Table 1.
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Figure 3: The time series plot of the model (1) for (a) £k =0 and (b) k = 0.6544.
The other parameters are same as in Table 1 with n, = 0.2.
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Figure 4: The path S(t), E(t), I(t), IL.(t), I,(t), H(t) and R(t) f
stochastic model (5) with initial values (S5(0), £(0),1(0),1,(0), 1,(0), H(0), R(0)) =
(40,30, 10,30, 12,15,8). The parameters are taken from Table 1, 6, = 0.3,6; =
0.2 97—01 k—OWltha) 0, =0.2,03 =0.1,0, = 0.3,06 = 0.2; b) (92—04 03 =04,04 =
03 96—04 and C) 92—04 83—04 64—06 ‘96_04
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Figure 5: The path S(¢), E(t), I(t), I.(t), I,(t), H(t) and R(t) for the
stochastic model (5) with initial values (S5(0), £(0),1(0),1,(0), 1,(0), H(0), R(0)) =
(40,30,10,15,12,18,8). The parameters are taken from Table 1, 6; = 0.3,0;5 =
02,0 = 0.1 and k = 0.6544 with a)f, = 02,6, = 0.1,6, = 03,05 = 0.2; b)
92 = 04, 63 = 04, (94 = 03, 96 = 0.4 and C) 62 = 04, 93 = 04, 94 = 06, 96 = 0.4.
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Figure 6: The path S(t), E(t), I(t), 1.(t), I,(t), H(t) and R(t) for the
stochastic model (5) with initial values (S5(0), £(0), (0), 1,(0), 1,(0), H(0), R(0)) =
(40, 30,10,15,12,18,8). The parameters are taken from Table 1, 6; = 0.3,0; =
0.2,97 = 0.1 and k£ = 0.4 with 3)82 = 0.2,63 = 0.1,94 = 0-3796 = 02; b) 62 = 04, 93 =
0.4, 94 = 03, ‘96 =0.4 and C) 02 = 04, 03 = 04, 04 = 06, 96 = 0.4.
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Figure 7: The four different sample paths and their average path of
S(t), E(t), I(t), 1.(t), I,(t), H(t) and R(t) for the stochastic model (5). The pa-
rameters are taken from Fig. 4 with 6; =0.3,0, =0.2,03 =0.1,0, =0.3,05 = 0.2,05 =
0.2,0; = 0.1 and k = 0.
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Figure 8:

The four different sample paths and their average path of

S(t), E(t), I(t), 1.(t), I,(t), H(t) and R(t) for the stochastic model (5). The pa-
rameters are taken from Fig. 5 with 6; =0.3,0, =0.2,03 =0.1,0, =0.3,05 = 0.2,05 =
0.2,0; = 0.1 and k = 0.6544.
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Figure 9: Histogram of the densities at the time point 150 of the system (5).
The parameters are taken from Fig. 4 with ¢, =0.3,0, =0.2,03 =0.1,0, = 0.3,05 =
0.2,66 =0.2,0;, =0.1.



174 TAMALENDU DAS, TRIDIP SARDAR AND SOURAV RANA [Vol. 23, No. 1

1000
]
N
%
1500

-

800
1

Frequency
400 600
1 L
Frequency
500 1000

200
1

o o

20 40 60 80 100

S}
123
=)
=)
S

150

N\
N
L/

400
L
Frequency

Frequency

200 400 600 800 1000
1

1)
L
a
L

5 10 15 20 25 30 35 0 20 40 60 80 100 120

1
1500

800 1000 1200

1000

Frequency
60
L
Frequency

200 400

0
L
0
L

Figure 10: Histogram of the densities at the time point 150 of the system (5).
The parameters are taken from Fig. 5 with ¢, =0.3,0, =0.2,03 =0.1,0, = 0.3,05 =
0.2,05 = 0.2,0; = 0.1.
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Figure 11: Heat map diagram of RY% with respect to k¥ and 0, for the system
(5). The parameters are taken from Table 1 with 7, = 0.1. The left figure
corresponding to = 0.74 and right figure corresponding to 5 = 1.74 respectively.
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Figure 12: Two different sample paths are drawn for the parameter set same as
Fig. 11(a) with & = 0.6544.
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Figure 13: a) Average paths for [, are drawn for two different values of pa-
rameter p3, the other parameters are same as Fig. 8. b) The difference plot
corresponding to a).
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