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Abstract

Tail equivalence between two distribution functions was introduced in Resnick, S.I.
(1971). Tail equivalence and its applications, Journal of Applied Probability, 8(1), 136-156.
After clarifying a few properties and giving examples of classes of tail equivalent distributions,
this article looks briefly at some interesting applications of tail equivalence in establishing
tail behaviours of mixtures and order statistics, in particular, of limit laws of normalised k-th
upper order statistics from a random sample, for fixed integer k. The tail behaviours of such
limit laws have been studied via tail equivalence. It turns out that tail equivalence simplifies
much of the apparent difficulty in handling the tails of such limit laws. A consequence is
a method of generating random observations from regularly varying tails having different
exponents of regular variation.
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1. Introduction

Resnick (1971) introduces the concept of tail equivalence between two distribution
functions (dfs) on the real line R. Here tail refers to right tail and we confine to right tail in
this article. Similar results for left tail can be derived from the results discussed here. Tail
equivalence divides the class of all dfs on the real line into equivalence classes. In this article,
after giving known definitions of heaviness of tail, illustrations of the use of tail equivalence to
study the tail behaviour of limit laws of normalised mixtures and k-th upper order statistics
from a random sample for fixed integer k are given, under fixed and random sample sizes.
These results were derived by the author and co-workers in several articles.

1.1. Tail equivalence

Definition (Resnick, 1971): Two dfs F' and G on R are said to be tail equivalent, denoted
by F £ G, if
. 1—F(x)
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We refer to Resnick (1971) for applications of tail equivalence in extreme value theory. The
following are easy consequences of the definition:

If F £ G, and r(F) = sup{z € R : F(z) < 1} denotes the right extremity of F, then
r(F) = r(G), finite or infinite. This is because, otherwise, A in (1) will be 0 or oo
according as r(F) < r(G) < oo or r(G) < r(F') < oo, respectively.

Since F £ F with A =1 in (1), the relation L is reflexive.

If F £ G with the limit in (1) as A, then G = F with the limit in (1) as 1/A, so that

the relation = is symmetric.

If F £ G with the limit in (1) as A, and G £ H with the limit in (1) as B, then
F £ H with the limit in (1) as AB, so that the relation L is transitive, proving that
the relation is an equivalence relation.

Now we give some examples of tail equivalent families of dfs on R.

Examples of classes of tail equivalent dfs:

1.2.

o Family of exponential distributions with different location parameters:

If F(x;pn) =1—e"" x> p, and 0 elsewhere, with ;1 € R as a location parameter, then
1—F(2;p1)
1—F(x;p2)
with different scale parameters, is not a tail equivalent class.

lim, oo = e~ (m=12) However, note that family of exponential distributions

Family of Pareto distributions with location and scale parameters:
If Fz;p,0) =1— @, x > p+o, and 0 elsewhere, with € R as a location parameter

o
1—F(z;p1,01) _ o2

and o > 0 as a scale parameter, then lim, . 7= Flopmos) = oo

Family of log-Pareto distributions with scale and shape parameters:
If Fx;p,0)=1— ﬁ, x > pe/?, and 0 elsewhere, with > 0 as a scale parameter
n

1-F(zp1,01) _ o3

and o > 0 as a shape parameter, then lim,_, T Flrpsos) = oo

Heavy tails
We refer to Praveena and Ravi (2023, 2025) and Nair et al. (2023) for definitions and

results mentioned below and some recent work. We give some definitions now, followed by
some examples.

Definitions:

o A df F on R is super-heavy tailed to the right if limsup,_,

1—F(x)

o A df F on R is heavy tailed if limsup,_,,, ——— = o0.

6—:17

o If not, F' is said to be light tailed.

1 — F(x)

= 00, for all
;L-*Oé

a > 0.
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Examples:

1
o Pareto df F(z) =1— —,2 > 0, > 0, Weibull df with shape parameter greater than
xOL

1, are examples of heavy tailed dfs.
» Normal, exponential dfs are examples of light tailed dfs.
o Cauchy, Fréchet, Burr dfs are super-heavy tailed distributions.

o But there can be heavier tails like dfs log-Pareto, log-log-Pareto, etc.

1.3. Extremes and upper order statistics

The extreme value laws: If X;, Xy, ..., are independent and identically distributed ran-
dom variables with common df F, M,, = max{Xy,..., X, }, and lim,,_,o, P(M,, < a,x+0b,) =
lim, o0 F"(anz + b,) = G(z), x € C(G), the set of all continuity points of the limit df G,
then we denote this as F' € D;(G). It is known that G is a type of the extreme value laws,
given by:

o Fréchet law: @, (z) = exp(—2~%), 0 < z,

o Weibull law: ¥, (z) = exp(—|z|*), z < 0,

o Gumbel law, A(z) = exp(—exp(—z)), z € R; where a > 0 a parameter.

Max stability: The extreme value laws satisfy the following stability property:

o (nl/o‘x) =d,(z), VI (n’l/aa;) =V,(z), A"(z+logn)=A(x),z € R.

1.4. Order statistics and k-th extremes

We denote the order statistics of {X1,..., X} by X1, < ... < X,,., and assume
that F' € D;(G) for some G. The df of the k-th upper order statistic X, _x11.,, for a fixed
positive integer k is given by

Funle) = P (Xocpian <) = 3 (1) P01 - Pl € R

The limit Gy (x) = lim,, o0 Fim(anx + b,) is given by

G - —1ogG< )

M

, € {y:G(y) >0}.

2. Applications of tail equivalence to tail behaviour

The following questions on tails of dfs were answered by using tail equivalence.
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2.1. Questions and motivation

o If F(.) =alFi(.)+ (1 —a)Fy(.) is a mixture df with component dfs Fy, F5, how are the
tails of F' related to those of Fy, F37 Or, how is F' € Dy(.) related to F; € Dy(.),i =
1,27

o What is the tail of Gy like? Or, Gy € Dy(.)?

2.2. On mixtures

The following discussion is from Praveena et al. (2019).

o If Fis the mixture df, r(F') = max{r(Fy),r(F2)}.

o If F e D) with some norming constants and r(Fy) < r(F,), then F, € Dy(.) with
the same norming constants. This is because F' L E.

o If F € D) with some norming constants and r(Fy) = r(F3), then nothing can be
said about the max domains to which F}, F, may belong to. Examples have been given.

o If I} z F; and one of them belong to D,(.) with some norming constants, then F' € D(.)
with the same norming constants.
2.3. On k-th extremes via tail equivalence
The discussion here is from Ravi and Manohar (2018).

A recurrence relation: For any df F, fixed integer k > 1, define

k=1 (—In F(z))
Fi(z) = F(x) X (n.'(x))y z € {y: F(y) > 0}. The df F) satisfies the recurrence
i= i!
relation
F(x
Fea(@) = Fa) + 0w F@), k21w € {y: F(y) > 0)

The pdf of Fj.q is

fin@) = I CwE@), k21 we fy: P > 0,

A result for fixed sample size: If I is a df with pdf f, then for every positive integer
k, (1—F(z)" is tail of the df Hy(z) = 1— (1—F(2))*, 2z € R, and H, is also
absolutely continuous with pdf Hj(z) = k{1 — F(x)}* ' f(x),z € R. Further the following
are true:

o« If F € Dl( ), then T(Hk) = r(F) = oo, and Hp € Dy(®P,) with a, =

o« If F € Dy(V,) then r(Hy) = r(F) < oo, and Hy € Dy|(Vy,) with a, =
r(F) = F~(1—(1/n)"/%),b, = r(F).
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« If F e D(A), a, =v(b) and b, = F~(1—21) then r(Hy) = r(F), and
Hy € Dy(A) with a, =

b, =H (1—1/n).

Another result for fixed sample size: Let rv X have absolutely continuous df F
—In F(x))
with pdf f and k be a positive integer. Then for Fi(z) = F(x) X4 w,
i!
x €{y: F(y) > 0}, the following results are true:

o Fy isadf with r(Fy) = r(F), pdf fi(z)= /() (-InF(x))* 1 ze{yeR:

(k—1)!
1-— Fk(l‘)

F(y) > O}, and hmx_ﬂ.(F) m = H, so that Fk Hk

« If F € Di(®,), then r(F,) = r(F) = oo, and F, € Di(Py,) with a, =
F~(1— (k!/n)Y*) b, = 0.

« If F € D|(V,) then r(Fy) = r(F) < oo, and Fj, € Dy(Vy,) with a, =
r(F) — F~(1— (k!/n)Y%),b, = r(F).

« It F € DfA), a, =v(by) and b, = F~(1—1) then r(Fy) = r(F), and
v(b,

k

Fy, € Di(A) with a, = b, = Fi (1 —1/n).

2.3.1. Results for random sample size

Uniform k-th extremes: Suppose that n in the previous section is replaced by a discrete
uniform rv N,, with P(N, =r) =1, r=m+1,m+2,...,m+n, N, independent of the
iid rvs X1, X5,..., m >1 a fixed integer. We look at the tail behaviour of the limit of
linearly normalized Xy, _g41.n,. Observe that Xy, _ri1.n, is well defined for 1 <k < m.
We have FkN ( ) P(XNn—k—i-l:Nn S [L’) = Z;?im P(XNn—k-i-l:Nn S JZ,Nn = 7“)

=y skt (T)F" “(z)(1 — F(2))'P(N, =), « € R. The following results are true:

o If F € D|(G) for some max stable df G then lim, o F.n, (anz + b,) is equal to
1 G(z)) -1
Unole) = M55 — Gla)sioi(h - )RS e (y e R ¢ Gly) > o),
G =o,o0r V¥, or A.

« For any df F, and fixed integer k > 1, let Upp(r) = k{25555 ) — F(x) 25! (k —

In F(

Z)HHFZ#H, re{y: F(y)>0}. If X hasdf F, pdf f, k is a fixed positive inte-
1-F
7(96), xe{y: F(y) >0}, then Uy p isadf with (U, p) =

ger, and U p(x) =

—In F(x)

 f@)Up(x) = F(z)  f(z) [1—=F(z)+ F(x)InF(x)
r(F), pdf wrl®) = GO TN F(a:){ (—InF(x))? } ve
{yeR: F(y) > 0}; and limg_,,(p) Lﬂ(m) = ! so that Uy p 2y

1 - F(x) 2
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For the family of dfs Uy r and Hi(x) =1— (1 — F(z))*, 2 € R, the following results are
true.

k 1
. %fiwﬂﬁwﬁldww):MF%pﬁlwﬂﬂzzkhﬂigy{pmy‘
v (ZnF@) : i L= Uer(z) 1
PR 0 , xe{yeR: F(y) >0}, lim, ,.(r) (A= Fla)f (ks and
Upr = Hy.
e If '€ Dl(q)a), then T(Uk’F) = T(F) = 00, Uk,F c Dl(q)ka) with a, = F_(l —
((k+1)!/n)Y*),b, = 0.
o If F e Dy(¥,) then r(Upr) =1r(F) < oo, Urr € D)(Vpy) with a, = r(F) —
F~(1— ((k+1D)!/n)V*) b, = r(F).

o It FeDA), a,=uv(by) with b, = F~ (1=1) then r(Usr) =r(F), Upr €

v(by)
k

e The df Uy r satisfies the recurrence relation

Dl(A) with F:Uk,F,G:A, Ay = ,bn:U,;F(l—l/n).

(~In F(z))~"

Uiii(@) = Unp(a) + Up() = F(a) Y~

Geometric k-th extremes: Let N, be a shifted geometric rv with pmf P(N, =r) =
gy " r=mm+1m+2,..., 0<p,<1,¢,=1—p, and lim, o np, = 1.

o If F € D)(G) for some max stable law G, then for fixed integer k,1 < k < m,
limy, 00 Fronv,, (anx 4+ by,) is equal to

k
Rig(x)=1-— <_IHG($))> ,ref{yeR:G(y) >0}, with

-G
1 () I G() = @afa),
Rpo(a) =41 — (%) if G(z) = W (),
1 (12) if G(x) = A(x).

The first two are Burr distributions of XII kind (Burr, 1942) and the last is the logistic
distribution.

o If X hasdf F, pdf f, k a positive integer and Ry p is as defined above, then the
following are true:

In k—1
R T dr i reste) = SO
R

1 — Ry p(x) T
- 7 = = H,.
(= Faye e e

ze{y eR: Fly) > 0},

r(Ry,p) = r(F), and lim,_,(p)
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e If F € Dl<q)a), then T(ka) = T’(F) = 00, and Rk’p c Dl((pka) with a, =
F=(1—(1/n)"*) b, = 0.

e If F e Di(¥,) then r(Ryr) = r(F) < oo, and Ryp € Di(Vy,) with F =
Rk’,FaG = \Ilkou ap = T(F) - F_(l - (1/n)1/k)abn = T(F)

1
o If FeDy(A), a, =v(b,) and b, = F~ (1— n) then r(Ryr)=r(F), and
by
Ry r € Di(A) with F=Ryp,G=A, a, = U(k ),bn =Ry p(1—1/n).

The Burr connection: Burr (1942) proposed twelve explicit forms of dfs which have since
come to be known as the Burr system of distributions. A number of well-known distributions
such as the uniform, Rayleigh, logistic, and log-logistic are special cases of Burr dfs.

A df W is said to belong to the Burr family if it satisfies the differential equation

d
I/Z(z) = W(x)(1 — W(z))h(z, W(x)), where h(z, W(z)) is a non-negative function for
x
h
x for which the function is increasing, h(x, W (z)) could be h(x, W(x)) = I/I;((i; where
hi(z) > 0. Then de) = (1— W(2))hi ().

The dfs Ry r belong to the Burr family.

Negative Binomial k-th extremes: Let N, be a shifted negative binomial rv with
P(N, =1) = (Z_Tj;_l)p;qf;m,r =m,m+1m+2,..., where 0<p, <1l,¢, =1—p,
and lim,,_, np, = 1.

If F € Dy(G) for some G, then for fixed integer k,1 <k < m,
lim,, 00 Fron, (anx 4+ by,) is equal to

& (l+r =1\ (-InG(z)) _
Tk,G(x)—;< l ><1_IHG($))TH,xE{yeR.G(y)>O}.

The df Tj r satisfies the recurrence relation

_ _ k
Tyr,r(v) = Ty p () + (k +]: 1) (1<_ 112]]::((;)))’“”’ k>1,z €R.
Its pdf is ty41 p(z) = ! /() (= lnF(x))k k>1,x€eR.

B(r,k+1) F(z) (1 —In F(z))rtk+1’

Let rv X have df F' with pdf f and £ be a fixed positive integer. Then for T} r,
the following results are true.

1 f(z) (—InF(x))! |
Br k) Fe) (1 = Py © € W ERFy) >0,
1 — Ty rp(x) k

right extremity r(7yr) = r(F), and lim,_,,(r) 1= F(a)F = Bl k)’

o Tir isadfwith pdf ¢ p(z) =
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e If F € Dl(q)a), then T(Tk’F) = T(F) = 00, and Tk,F c Dl(q)ka) with a, =
F=(1—(1/n)"*) b, = 0.

o If F e Di(¥,) then r(ITyr) = r(F) < oo, and Typp € Dy(¥y,) with a, =
r(F) = F~(1 = (1/n)"%), by = r(F).

1
« If FF e D(A), a, = v(b,) and b, = F~ (1— ) then r(Tyrp) = r(F), and

n
bn
Ty.r € Di(A) with a, = U(k ),bn =T, p(1—1/n).

3. Conclusion

In this article, tail behaviour of several interesting tails are explored through the
concept of tail equivalence which simplifies several proofs. After recalling the definition of
tail equivalence and clarifying some simple properties of tail equivalence, the article explores
tail behaviour of mixtures of dfs and the limit laws of linearly normalised k upper order
statistics of a random sample of size n, when n is fixed and n is replaced by Uniform,
Geometric and Negative Binomial random sample sizes. Several results stated here can be
used to simulate random observations from a variety of tails.
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