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Abstract

In this paper, point estimation of shape and scale parameters of length-biased log-
logistic distribution under adaptive progressive type II censoring is addressed using Bayesian
and non-Bayesian approaches. Maximum Likelihood estimators are proposed and evaluated
using Newton-Raphson numerical approximation method. Asymptotic confidence interval
and parametric bootstrap confidence intervals are also constructed. Parametric Bayes esti-
mators are proposed under three different loss functions using Markov Chain Monte Carlo it-
erative method. Credible intervals and Highest Posterior Density region are also constructed.
Simulation study for different sample sizes and different censoring schemes is carried out to
establish utility of the proposed decision-theoretic strategies. A real dataset has also been
analyzed to reinforce the simulated results.

Key words: Length-biased log-logistic distribution; Adaptive progressive type II censoring;
Bootstrap confidence intervals; Highest Posterior Density region; Markov Chain Monte Carlo.

AMS Subject Classifications: 62F15, 65C05

1. Introduction

The main purpose of any censoring plan is to reduce time duration while optimizing
the total experimental cost. A balanced censoring strategy might take into account the
length of the experiment, the number of units involved, and the effectiveness of statistical
inference drawn from the study’s outcomes. The basic censoring schemes are time and
failure censoring. Progressive censoring schemes have flexibility of removing additional live
(functioning and good) items at the observed actual failure times. Ng et. al (2009) proposed
a new and more flexible censoring scheme known as adaptive progressive type II censoring
(APT-IIC) scheme which is combination of the type I and progressive type II censoring
plans. APT-IIC ensures a desired number of failed observations in a tested sample within a
prescribed duration of the experiment.

Consider n test units in a life-test. Let m be the desired counts of failed units in the

observed sample. Let R = (Ry, Rs, ..., R,,) be the pre-determined intermittent withdrawals
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under progressive censoring scheme such that the experiment span is pre-fixed at time 7.
Let k& be the total number of observed failure times before the pre-determined time T i.e.
X < T < Xistmn; B =0,1,...,m where Xg.., = 0 and X, 1.m = 00. If the total
experiment time exceeds the ideal test time 7', then Ry, 1 = Rgio = -+ = R,—1 = 0 and
R,=n—m-— Zle R;. In this situation, no surviving units get chance to be removed except
at the time of m" failure. This condition helps to accelerate the experiment so that it ends
as soon as possible.
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Figure 1: A visual of the Adaptive Progressive Type II censoring scheme
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Inferential studies for different life-time models under APT-IIC scheme are under-
taken by various authors. Parameter estimation of exponential distribution under APT-IIC
has been considered by Ng et. al (2009). Burr type XII distribution was considered by
Amein (2016) for estimation of unknown parameters under APT-IIC. Sobhi and Soliman
(2016) considered classical and Bayes estimation of the exponentiated Weibull model. Sim-
ilarly, parameter estimation of exponential, generalized exponential, exponentiated expo-
nential, generalized inverted exponential distributions under APT-IIC have been considered
by Ng et. al (2009), El-Din et. al (2017), Ateya and Mohammed (2017) and Soliman et.
al (2020) respectively. Maximum product spacing and the maximum likelihood estimation
of parameters of generalized Rayleigh distribution and Weibull distribution was discussed
by Almetwally et. al (2019) and Almetwally et. al (2020) respectively. Some other dis-
tributions under APT-IIC are: Generalized Pareto distribution by Mahmoud et. al (2013),
Kumaraswamy distribution by Almalki et. al (2022), new Weibull-Pareto distribution by EL-
Sagheer et. al (2018), Kumaraswamy-exponential distribution by Mohan and Chako (2021),
Truncated normal distribution by Chen and Gui (2020), generalized Gompertz distribution
by Amein et. al (2020), extreme value distribution by Ye et. al (2014), exponentiated
power Lindley by Ahmad et. al (2021), exponentiated half-logistic distribution by Xiong
and Gui (2021), exponentiated Pareto distribution by Wang and Gui (2021), asymmetric
power hazard distribution by El-Morshedy et. al (2022).

The present paper focuses on a length biased model which is defined in section 2.
Maximum likelihood estimation (MLE) along with Asymptotic Confidence Interval (ACI)
is derived in section 3. Section 4 describes Bayes estimation under three loss functions
namely squared error loss function (SELF), general entropy loss function (GELF) and linear
exponential loss function (LINEX). In addition, the corresponding Bayesian credible intervals
(BCI) and highest probability density intervals (HPD) are also calculated. Markov Chain
Monte Carlo (MCMC) approximations are detailed in section 5. A real data set illustrates
the developed theory in section 6. Concluding remarks are given in section 7.
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2. The model

Weighted distributions (WD) were first proposed by Fisher (1934). WD emerge when
information from any stochastic process are produced using a predetermined weight func-
tion. Compared to the original distributions, WD are more adaptable and as a result, they
are helpful in several fields including ecology, biometry, environmental sciences, survivabil-
ity, and reliability analysis. When the weight function, say w(z), depends on the length of
the units of interest, i.e. w(z) = z, the resulting distribution is termed as length biased
distribution (LBD). Although LBD does not add any additional parameters to the model,
it does provide it more flexibility. There are LB versions of a number of distributions ac-
cessible in statistical literature. Patil and Rao (1978) introduced LB versions of many basic
distributions such as log-normal, gamma, Pareto, beta. Das and Roy (2011) discussed LB
weighted Weibull distribution. Some other works on LB versions of different distributions
are: LB weighted generalized Rayleigh distribution (Das and Roy, 2011), LB beta distri-
bution (Mir et.al, 2013), LB Weibull distribution (Pandya et. al, 2013), LB exponentiated
inverted Weibull (Seenoi et. al, 2014), LB weighted Lomax distribution (Ahmad et. al, 2016),
LB Inverse Rayleigh distribution (Pandey and Kumari, 2016), LB weighted Erlang distri-
bution (Reyad et. al, 2017), LB Sushila distribution (Rather and Subramanian, 2018), LB
weighted Lomax distributions (Karimi and Nasiri, 2018), LB Erlang—truncated exponential
distribution (Rather and Subramanian, 2019) and many more.

Recently Pandey et. al (2021) introduced LB Log Logistic distribution (LBLL(c, 3))
as a lifetime model. The pdf of (LBLL(«, [3)) is given as

() () sn(3)
{1 + (g)ﬂ} (5)

The corresponding cdf can be obtained as (see Pandey et. al (2021))

/fta,ﬁ

flz;a,B) = for z, a, B >0 (1)

_ (1_55> <x> + i (_:2: S—iuﬂ) for z, o, B >0 (2)

3. Classical point and interval estimation

Under APT-IIC, n,m, R, T be fixed before the experiment begins. Lifetime distribu-
tion is assumed to follow pdf f(z;©)and corresponding cdf F(x;©), where © represents a
vector of parameters. The likelihood function under APT-IIC scheme (Ng et al., 2009) is
given as
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=G (ﬁ f(;©) ) (ﬁ F(t:0))" ) (1= F ()" 2

O0<ti<ty<: - <tp<oo (3)

=1

m max{i—1,k}
C'J:H(n—i—l-l— > Rj)
j=1

The likelihood function for LBLL(«, 3) whose pdf and cdf are given by (1) and (2)
respectively, under APT-IIC is given as

where

L) = 0 ([Tt (T E" ) (18 =) o

(5) .
8 B\ [ty 2G0T
+1+<(2¢)“<165> 5 Sk ]
E, — s1r<1;()g);(%>1ﬁlog <1+<tm>5

The corresponding log likelihood function is written as

In L = const + iln {E1} + XJ:RZ- In{E>} + (n —m — zk:&) In{FEs} (5)

i=1 i=i =1

Partially differentiating (5) with respect to (w.r.t.) « yields

Oln L
Oa

&, mle of « is the value for which % =0 and

0

— ;a {éln{El}} + 50 {gRiln{Eg}} + <n—m - éRz) (i{ln{E:a}} (6)

< 0.

a=&

9%2InL
a 2
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Similarly, partial differentiation of (5) w.r.t. § yields

Oln L

i ;5 {gln{&}} + 56 {zin 1n{E2}} + <n —m — gRZ) ;ﬂ {In{E5}} (7)

3, mle of 3, is the value for which alnL =0 and 2oL

B=p

The solution of the system of nonlinear equations (6)-(7) of the first partial derivatives
of log-likelihood function w.r.t. parameters cannot be obtained in closed form . Therefore,
to find approximate MLEs, a numerical method like Newton-Raphson (N-R) method is used.

Let A = (@, /) be denoting the mile of A = (e, ) and I()\) is Fisher’s Information

matrix, 1.e.
02logL 02logL
1) == P4 et B e ;] ®
n\E( %) B\

Matrix elements for I()\), given in (8) are defined under APT-IIC as under,

=1

W;;L {ilw} fﬂ{z 1n{E2}} <n—m ZR)aﬁz{ln{Eg}} (10)
9?n L 0?

003 8@86{21H{E1} aagﬁ{imn{@}} <n—m—;Ri> aa;ﬁ{ln{Eg}}
(11)

As it is evident from (9)-(11), the expectation of Hessian matrix is complicated due to
presence of mathematically intractable terms. Since the parameter vector A is unknown,
hence using uniqueness property of mle, we estimate I=1(\) by I71()). This provides ACI
for the unknown parameters o and [ given as

(6= 2gyfoor @), 45 foer 8]
(3 2o (3)5 25 /o 3)

where var (&) and var( ) are the estimated variances of & and B given by the main di-
A

agonal elements of I7*()\) and z¢ represents the right tail probability for standard normal
2
distribution.

4. Bayesian estimation

Availability of prior information about concerned parameters, enables alternate Bayesian
inferential approach. In this paper, Bayes estimators (BEs) of the unknown parameters («, 3)
are proposed under SELF, GELF and LINEX loss function. In addition, the corresponding
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BCI and HPD interval are also calculated. Prior distributions for the unknown independent
parameters o and 3 are taken to be non-informative prior and gamma prior respectively.

p(B) = Fdﬁd_l exp (—cf);  B,e,d >0

where ¢ and d are hyper parameters. Assuming the independence of the scale and shape
parameters, the joint prior distribution of o and [ is written as

d
plaf) = ——F" exp(=cB):  aBed>0 (12)

Joint posterior distribution of o and S is

sty o (T8 (T 8" ) (12 m) () (13

where
d—1

E5:

exp (—cf3)

4.1. Marginal posterior distributions

Marginal posterior distribution of unknown parameter «

plaled) o [ (THem0) (Ieea") (B0 S0 ) mhas g

Marginal posterior distribution of unknown parameter
! R ¥ R
p(Blz,a) / (H {E} ) (H {Ey} ) <{E3}n—m—2i_1 ) {E5} da (15)
0 i=1

4.2. Parametric Bayes estimators under different loss functions

The BE of an unknown parameter depends on the form of the loss function. We
obtain the expressions for BEs of unknown parameters under different loss functions. SELF,
a symmetric loss function, weighs underestimation (UE) and overestimation (OE) equally.
GELF (Calabria and Pulcini, 1996) and LINEX (Varian, 1975) are asymmetric in respect of
UE and OE being assigned different degrees of seriousness.

1. SELF
BE of the unknown parameter a, the posterior mean, is given as

ansoxa [[ ([T (20" (B Sm) (B3 asaa (o
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BE of unknown parameter (5 is given as

ns o [f (T80 (1m0 ™) (4 ) iy aoas (o

i=1

2. GELF

BE of unknown parameter « is given as

=1

(apg) ? o // a1 (ﬁwl}> (f[ {EQ}Ri> <{E3}”m2?_1&) {Es}dBda (18)

BE of unknown parameter 3 is given as

(BBa) ™1 o // B (i:ﬁ{a}) (ﬁ {EQ}&) ({53}"—”1—2?1&) {Es}dadB  (19)

i=1

3. LINEX

BE of unknown parameter « is given as

oo i f[ e (i) (e ) (B T gy asaa @0

BE of unknown parameter 3 is given as
~ 1 m J k
BBLL qln//e_qﬂ (H {E1}> (H {EQ}Ri) ({Eg}n_m_ZilR") {E5}dadf  (21)
i=1 i=1

5. Markov Chain Monte Carlo approximation

Markov Chain Monte Carlo (MCMC) technique approximates the complex expres-
sions of posterior distribution and BEs which are not available in closed form. We use MCMC
iteration such that the Gibbs sampler nests Metropolis-Hastings (M-H) algorithms (Metropo-
lis et. al, 1953; Hastings, 1970). Convergence of Markov chain simulation is achieved by
choosing a starting value which is nearer to the true value. Initial M simulated variates are
omitted to shake off the transient influence of arbitrary initial values. The desired posterior
sample is thus the residual set corresponding to position 7,7 = M +1,..., N, for sufficiently
large N.

BEs of the unknown parameters under SELF are given by

1 N
apsmco = > o
N-M i=M+1
- 1 N
Bpsmc = S B (22)
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Also, the approximate BEs of the unknown parameters under GELF are given by

1 i K
apaMmc = a; 1
N-M i=M+1
_ 1 iV: K
Bamc = B~ (23)
N-M i=M+1

where ¢ > 0 represents OE (@BelMc, BBG1M0> and ¢ < 0 represents UE (&BGQMC, BBGQMC>-
The approximate BEs of the unknown parameters under LINEX are given by

Q =——1lo e ™
BLMO =T O N

i=M+1

N-—-M i=M+1

. 1 1 X
Berymc = _6 log Z e % (24)

where ¢ > 0 represents OE (&BLIMC, BBLIMC) and ¢ < 0 represents UE (dBL2MC, BBLQMC’>.

6. Simulation study

In this section, foremost data from LBLLD is generated via simulation. Next, APT-
IIC samples from the obtained LBLLD data is extracted by following procedure of Balakr-
ishnan and Sandhu (1995) and Ng et al. (2009). The algorithm described below resamples
according to APT-IIC from continuous lifetime distribution.

1. Set the values of n,m,0,T and R = (Ry, Rs, ..., R,,), as desired by the sample situa-

tion.
2. Simulate m random variables from U (0,1) as Uy, Us, ..., U,.
3. Set W; = UM Rm A Rt Rnied) o0 5 1 9

4. Set V, =1 =W, Wy - Wpy_isq for i = 1,2,...;m. Then Vi, V5, ..., V,, is the m
progressive type II censored sample from U (0, 1).

5. Set X; = F~1(V;;0) for i = 1,2,...,m, where F~!(,;0) is the quantile function of
the lifetime distribution. Thus X7, X5, ..., X,, represent the required m progressive
type II censored sample from the specified distribution F' (.).

6. Next, identify the value of k, where Xy, < T < Xii1.ms and discard the sample
Xk+2:m:n7 e 7Xm:m:n'

7. Simulate the first m — &k — 1 order statistics from a truncated distribution considered

as
f(z)

Sy o e— with sample size (n — Zle R, —J— 1) aS Xgiommys Xktsmmm 5 Xmomen-
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Two random samples of sizes n = 30, 50 have been generated from LBLL («, f3)
by setting a = 1.5, = 3.2. Three different preset values for T = 4.5,5,5.5 are taken.
MLESs are computed from these samples through numerical approximation N-R method in R
software. OpenBUGS is utilised for generating posterior samples using MCMC by fixing the
hyper parameters at b = 2, ¢ = 4. 10000 samples with 2000 samples for burn-in period are
generated. We have taken ¢ = 2 for OE and ¢ = —2 for UE. Bayes estimates under MCMC
have been calculated using (22)-(24).

Table 1 represents the APT-I1C schemes which we have used in simulation. Estimated
values of scale parameter a and shape parameter [ with the associated mean square error
(MSE) of MLEs and BEs under three loss functions for different combinations of (n,T") are
presented in Tables (2)-(4) respectively. Following inferences based on these tables:

1. For unknown scale parameter «, Bayes estimates give values which are closer to true
values for all the three values of T'. For some censoring schemes, MLEs also give better
estimates in terms of minimum MSEs. Among Bayes estimates, LINEX OE gives
values with higher precision for most of the censoring scheme.

2. Same pattern can be seen for the unknown shape parameter § also. Among Bayes
estimates, LINEX UE gives better values as they have minimum MSEs than others.

Tables (5)-(6) represent the LI, UL and AL of ACI and BCI, HPD1 and HPD2 of the param-
eters under study for the three selected values of T respectively. The following relationship
is obtained for both unknown parameters

HPDlAL < HPDQAL < BCIAL < AC]AL

This is true for all the three values of T. Here, HPDI refers 89%HPD and HPD2 refers
95%HPD intervals. AL of all intervals are decreased as we increase the value of m for
different censoring schemes.

Table 1: Progressive type 1I censoring schemes used in simulation

nom CS R
Cs[1] 210
10 "cs2] 073, 5%4, 0%3
30 CS[3] 0%5, 1¥10, 0*5
20 “Cs4] 078, 2¢5, 0%7
Cs[5] 1%25
25 "cs[6] 0%10, 5*5, 0%10
50 CS[7]  0%20, 1¥15
35 "Cs[8]  1%15, 020
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7. Real data illustration

A real dataset is taken from Teza (2015, ch 4). Data describes the mechanical proper-
ties such as initial rate of absorption, water absorption, dry density and compressive strength
of 50 units of clay bricks and fly ash bricks. This data set has also been analysed by Nagamani
et. al (2021) for estimating common scale parameter of two logistic populations.

In the present paper, we have taken the data on compressive strength of fly ash bricks
to illustrate the proposed method. The uncensored data are composed of 50 observations
(3.62, 4.74, 9.88, 5.93, 6.09, 6.94, 6.32, 5.30, 5.14, 4.55, 4.03, 7.36, 3.57, 3.98, 4.03, 4.74, 7.32,
3.23, 5.38, 7.18, 6.07, 3.62, 6.64, 5.58, 5.23, 3.95, 5.86, 5.58, 6.97, 5.05, 4.35, 4.55, 4.79, 4.03,
4.74, 7.58, 3.62, 6.01, 3.99, 6.04, 4.74, 7.21, 3.61, 5.69, 7.21, 6.40, 3.55, 8.70, 4.35, 7). Table
(7) indicates that LBLLD is suitable for the given data set based on negative log likelihood
and three information criteria.

Table 7: Fitting of data to three different distributions

Reliability
Sr no. model -LogL,. AIC BIC AICC
Logistic
1. P=scale 91350 186.701 190.525 186.956

a=location

Log logistic

2. p=shape 89547 183.094 186.918 183.349
a=scale
LBLL

3. p=shape 89493 182.986 186.81 183.241
a=scale

Further two APT-II censored samples for T' = 3.99,7.18 are extracted with n =
50,m = 30, R = (0*19,2*19 0*19). The censored samples thus obtained are (3.23, 3.55, 3.57,
3.61, 3.62, 3.62, 3.62, 3.95, 3.98, 3.99, 4.03, 4.03, 4.03, 4.35, 4.35, 4.55, 4.55, 4.74, 4.74,
4.74,4.74, 4.79, 5.05, 5.14, 5.23, 5.30, 5.38, 5.58, 5.58, 5.69) and (3.23, 3.55, 3.57, 3.61, 3.62,
3.62, 3.62, 3.95, 3.98, 3.99, 4.03, 4.35, 4.55, 4.74, 5.05, 5.05, 5.14, 5.23, 5.30, 5.30, 5.38, 5.58,
5.58, 5.58, 5.69, 5.93, 6.07, 6.40, 6.97, 7.18). MLEs and Bayes estimates of the unknown
parameters are given in Table (8) for the selected values of T'. LL, UL, and AL of different
confidence and credible intervals for the unknown scale and shape parameters are given in
Table (9) for the selected values of 7. Among Bayesian intervals, HPD1 interval has shortest
length.

ACIT is shortest classical interval followed by Boot-p and Boot-t. The following rela-
tionship can be seen for scale parameter

HPD1,, < HPD2y,; < BCIAL < AC[AL < Boot—pAL < Boot — tar,

AL of intervals are increased amomg classical intervals while it is decreased among Bayesian
intervals as we increase the value of T'. Similarly, for shape parameter, AL is decreased for
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Table 8: MLEs and Bayes estimates under APT-IIC real data for both values of

T
Bayes Estimates
(n,m) T MLE “sprr GELF LINEX
0 42667 42484 42476 4.2486 4.2461 4.2506
399 757104737 95466 9.5137 9.5574 93386 9.7536
(50,30) o 4502 44906 4.4809 44908 4.4886 4.4927
T18 "5 76081 7.3946 7.3837 7.3982 7.341  7.448

all intervals with increment in the value of T'. For 3, we get

HPD1,, < HPD2y; < BC[AL < Boot — ty, < BOOt—pAL < AC[AL

This can be seen in intervals plots (Figure 2-3). MCMC trace plots are presented in Figure

4.

Table 9: Different intervals of unknown parameters under APT-IIC real data

T ACI BOOT-T BOOT-P BCI HPD1 HPD2
LL 3999  3.945 4007 4158 4171 4163

399 UL 4533  4.559 4565 4341 4321 4.345
AL 0534 0614 0.558  0.183 015  0.182

« LL 4103  3.972 4096 4405 442 4.408
718 UL 4901 4978 5008 458 4561  4.581
AL 0798  1.006 0912 0175 0141  0.173

LL 7.489 8.25 9.04 865 8.806  8.64

399 UL 13458 1217 13.37 1044 1024  10.41
AL 5.968 3.92 4.33 179 1434 177

b LL 5471 5918 6.637 6942 7.041  6.926
718 UL 9744 8742 9.984  7.849 T7.791  7.826
AL 4273 2824 3347 0907  0.75 0.9
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8. Conclusion

In this paper, we have considered the point and interval estimations of the parameters
of the LBLLD based on an APT-IIC scheme for Bayes and non-Bayes settings. This cen-
soring scheme allows us to choose the next censoring number taking into account both the
previous censoring numbers and previous failure times. The MLEs, the bootstrap confidence
intervals and the ACIs based on the observed Fisher information matrix have been discussed.
We assume the Jefferys and gamma priors for the unknown scale and shape parameters re-
spectively and provide the Bayes estimators under the assumptions of SELF, GELF and
LINEX loss functions. It is also found that when both parameters are unknown, the expres-
sions for Bayes estimates cannot be obtained in explicit form. The Gibbs sampling technique
is employed to generate MCMC samples. Credible intervals and HPD intervals have also
been constructed. A real life example is discussed to verify the proposed methodology. The
performance of different methods is compared via a Monte Carlo simulation.
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