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Understanding Fellegi Scheme for Sample Size Three
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Abstract
In this short communication, we attempt to rework on Fellegi (1963) scheme for

sample size 3, taking clue from Choudhry (1981) and Sinha (1973, 1974).
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1. Introduction

Brewer and Hanif (1983) reviewed sampling schemes with unequal probabilities with-
out replacement and compiled several selection procedures. Among the schemes, Brewer
(1963) and Fellegi (1963) schemes for n = 2 are described in text books such as in Hedayat
and Sinha (1991) but cannot be readily extended to n = 3. For Fellegi scheme, Choudhry
(1981) attempted to develop computational formulae using Fortran language specifically for
n = 3 and 4. However, satisfactory techniques are not yet available. We make an attempt
to extend Fellegi scheme from algebraic consideration. Our contribution in this study is
essentially a follow-up of Fellegi (n = 2) to n = 3. We are able to generalize Fellegi scheme
and we explain our procedure through a numerical example.

It may be noted that Choudhry (1981) made an attempt to work out a solution for
n = 3 underlying Fellegi scheme. He did not pursue any analytical exercise to solve for
the choice of p3(i) values. He used the second stage p-values (p2(i)) as trial values for the
third stage p-values (p3(i)) and developed a Fortran programme to approximately work out
stabilized third stage p-values.

2. Fellegi scheme (N, n = 3)

For Fellegi Scheme (N, n = 3), P (i, j, k) has to be chosen in such a way that at each
trial, inclusion probability of ith unit is pi for all i. Hence, overall inclusion probability for
ith unit is 3pi. To achieve this, set kth trial selection probability for ith unit = pk(i) for
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k = 1, 2, 3; i = 1, 2, 3, . . . , N where ∑N
i=1 pk(i) = 1 for each k. Then we have the expression

πi = p1(i) +
N∑

j(̸=i)
p1(j) p2(i)

1 − p2(j) +
N∑

k(̸=i)

N∑
j( ̸=i,k)

p1(k) p2(j)
(1 − p2(k))

p3(i)
(1 − p3(k) − p3(j)) = 3pi (1)

It may be noted that in the above, we are tacitly using the expression for p2(i) as was derived
by Fellegi (1963) for the case of n = 2. Set p1(i) = pi for each i = 1, 2, . . . , N .
So, p3(i)’s have to satisfy

N∑
k( ̸=i)

N∑
j(̸=i,k)

p1(k) p2(j)
(1 − p2(k))

p3(i)
(1 − p3(k) − p3(j)) = pi, i = 1, 2, . . . , N.

⇒ Bi = pi

p3(i)

[
1 − 2p3(i) − p2(i)

(1 − p2(i))(1 − 2p3(i))

]
(2)

where Bi =
N∑

k=1

N∑
j=1

p1(k)p2(j)
(1 − p2(k))(1 − p3(k) − p3(j)) −

N∑
j=1

p1(i)p2(j)
(1 − p2(i))(1 − p3(i) − p3(j))

−
N∑

k=1

p1(k)p2(i)
(1 − p2(k))(1 − p3(k) − p3(i))

−
N∑

k=1

p1(k)p2(k)
(1 − p2(k))(1 − 2p3(k)) + 2p1(i)p2(i)

(1 − p2(i))(1 − 2p3(i))

After simplifying (2), we obtain a quadratic equation in p3(i) as

2Bi(1 − p2(i))p2
3(i) − [2pi + Bi(1 − p2(i))]p3(i) + pi(1 − p2(i)) = 0 (3)

So, p3(i) =
(2pi + Bi(1 − p2(i))) ±

√
(2pi + Bi(1 − p2(i)))2 − 8Bipi(1 − p2(i))2

4Bi(1 − p2(i))
(4)

Remark 1: It must be noted that the expressions in (2) and (4) basically refer to only one
relation involving Bi and p3(i). A judicial choice of Bi for evaluation of p3(i) has, so far,
eluded us. Therefore, we have taken up an alternative approach that refers to a choice of
p3(i) as a function of pi and p2(i) with the solo objective: Choice of p3(i) must lead to the
3rd stage πi = 3pi to best possible approximation.

Remark 2: At this stage it is pertinent to note that we will be using the concept of mixture
designs of the type pD1 + qD2, 0 < p, q < 1, p + q = 1. We recall that Sinha (1973, 1974)
made a similar study with the provision that one of p and q would be negative, however,
satisfying the necessary condition that pD1(s) + qD2(s) > 0 for every sample ‘s’ in the
underlying design. In our study below we will follow Sinha’s approach to come up with a
solution.

Remark 3: This problem is simply stated and theoretical solutions are quite hard to obtain.
We make attempts to minimize the gap between πi and 3pi by making suitable choice of
p3(i)’s. Similar problem was encountered by Sinha (1973, 1974) who had developed a mixture
solution of the type: p3(i) = api + bp2(i) with choices of a and b subject to a + b = 1, by
admitting the solutions with negative values of a or b ! Of course, the mixture has to yield
all positive fractions. Our attempt is illustrated in the following example.



2025] UNDERSTANDING FELLEGI SCHEME FOR SAMPLE SIZE THREE 387

Example 1: N = 6, p1 = 0.25, p2 = p3 = 0.20, p4 = p5 = 0.15, p6 = 0.05.
With reference to Fellegi (1963), for the case of n = 2,

(i) Solve for A from the equation: N − 2 =
N∑

i=1

√
1 − 4pi

A
, where A =

N∑
t=1

pt

1 − p2(t)
.

(ii) Solve for p2(i) from the equation: p2(i) = 1
2 −

√
1
4 − pi

A
.

Newton’s method is used to obtain: A = 1.24727, and then values for p2(i) are deduced as
given below in Table 1.

Table 1: Calculation of p2(i)

i 1 2 3 4 5 6 Sum
pi 0.25 0.2 0.2 0.15 0.15 0.05 1
p2(i) 0.27737 0.20058 0.20058 0.13981 0.13981 0.04184 1

Keeping the possibility of one of a and b being negative, after some trial and error,
we ended up with a = 2.55 and b = −1.55. The end-result is shown below.

Table 2: Computation of πi

i 1 2 3 4 5 6 Total
πi 0.73560 0.60475 0.60475 0.45445 0.45445 0.14598 2.99998

≈0.74 ≈0.60 ≈0.60 ≈0.45 ≈0.45 ≈0.15 ≈3
3pi 0.75 0.6 0.6 0.45 0.45 0.15 3

Table 3: Computation of πij = ∑
s∋(i,j) P (s)

πij

i j 1 2 3 4 5 6
1 0.40506 0.40506 0.28831 0.28831 0.08445
2 0.40506 0.31175 0.21547 0.21547 0.06174
3 0.40506 0.31175 0.21547 0.21547 0.06174
4 0.28831 0.21547 0.21547 0.14762 0.04202
5 0.28831 0.21547 0.21547 0.14762 0.04202
6 0.08445 0.06174 0.06174 0.04202 0.04202

Remark 4: We can readily verify numerically for n = 3 that πik > πjk whenever pi > pj

for all i ̸= j ̸= k and πiπj > πij for all i ̸= j.

3. Conclusion

From the above illustration it can be seen that if one can express p3(i) as a linear
combination of pi and p2(i) that is p3(i) = wpi + (1 − w)p2(i), with a suitable choice of w,
the Fellegi scheme for n = 3 can be constructed in a simple way. Further research is needed
to find an appropriate value of w, assuming that it can take negative values as well.
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