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Abstract

(11, f12, - - - pig)-resolvable solutions of some BIB and regular group divisible designs are
obtained by decomposing the v(= mn) x b incidence matrix into smaller circulant submatrices
of orders m x t.
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1. Introduction

Let the incidence matrix N of a block design D(v,r, k,b) may be decomposed into
submatrices as N = (Ny|Ny|...|N;) such that each row sum of N; (1 < i < t) is .
Then the design is (1, f2, - . ., f)-resolvable [see Kageyama (1976), Saurabh (2024b)]. If
p1 = po = +-- = puy = i then the design is p-resolvable. Such designs are also denoted as A-
resolvable in combinatorial design theory [see Ge and Miao (2007)]. A practical application
of such designs may be found in Kageyama (1976). The resolvable solutions obtained here
are not earlier reported in the Tables of Clatworthy (1973) and Saurabh et al. (2021) [see
Table 1].

Let v = mn elements be arranged in an m x n array. A regular group divisible (RGD)
design is an arrangement of the v = mn elements in b blocks each of size k such that:

1. Every element occurs at most once in a block;

2. Every element occurs in r blocks;

3. Every pair of elements, which are in the same row of the m x n array, occur together
in Ay blocks whereas every other pair of elements occur together in Ay blocks;

4. r— X > 0and rk — vy > 0.

Further let N be the incidence matrix of a GD design then the structure of NN is
given as [see Saurabh and Sinha (2023) for GD association schemes]:
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i) NNT = —2M)Ln @ L)+ (A — X)Ly @ Jp) + Xo(Jp @ J,,); o1
(i) NNT = (r =X)L, @ Lp) + Ao (I @ Jin) + (M1 — M) {(Jn — I,,)) @ I},

where J,, is an n X n matrix all of whose entries are 1.

Notations: [, is the identity matrix of order n, A ® B is the Kronecker product of two
matrices A and B, 0,,,x,, is a null matrix of order m xn and N " is transpose of the matrix V.
In Section 2, N represents incidence matrix of the design whereas RX and RXa numbers
are from Clatworthy (1973) and Freeman (1976) respectively.

2. Resolvable solutions

2.1.  (u1,p2,..., e )-resolvable GD designs

Here a = circ(010...0) is a permutation circulant matrix of order m such that o™ = I,,,.

Table 1: (pq, po, - .., pt)-resolvable RGD designs

No. | Design | v | r | k| b | A1 | A2 | m | n| Present Status
1 R89a |18 10 {3 [60| 4 | 1 |9 |2](1,3,3,3)-resolvable
2 R109a |12 | 7 |4 21| 1 | 2| 6 |2 (223)resolvable
3 R113a [ 14|10 |4 35| 6 | 2 | 7 | 2| (2,2,2,4)-resolvable
4 R123a |18 |10 |4 45| 0 | 2 | 6 | 3| (2,4,4)-resolvable
5 R124a 22| 8 |4 44| 4 | 1 | 11| 2| (2,2,4)-resolvable
6 R126a |24 | 9 |4 |54 | 5 | 1 |12] 2| (1,2,2,4)-resolvable
7 R128a |26 |10 |4 65| 6 | 1 | 13| 2 | (2,2,2,4)-resolvable
8 R152a |22 |10 |5 (44 (11| 2 | 0 | 2 5-resolvable
9 R163 45|10 |[5(90| 0 | 1 ]9 |5 5-resolvable
10 | R167a |12 | 9 |6 18| 5 | 4 | 6 | 2| (3,6)-resolvable

1. RR9a: v=18,r=10,k=3,b=60, \1 =4, Mo =1, m =9, n = 2.
Consider a block matrix
N = (Ny|No|N3|Ny) =

P Ogxs | o+ o? a a+a® o |a+af a
Ogxg P a a + a? a a+a®| o a+ab )’
1
where P = |1 X CZT’C(OlO) Then NNT = 9([2 X [9) -+ (Jg X Jg) + 3{(J2 — IQ) X [9}
1

Hence N represents the incidence matrix of R89a. Further since each row sum of Ny,
Ny, N3 and Ny is 1, 3, 3 and 3 respectively, the design is (1, 3, 3, 3)-resolvable.
2. R109a: v=12,r =7, k=4,0=21, \1 =1, s =2, m=6,n = 2.

a+at
Oé2+]6

a+aod

Oé—|-]6

N = (i) = et O

Oé+0éz+Oég 06><3>

where P = G ® cire(011). Since each row sum of Ny, Ny and N3 is 2, 2 and 3

respectively, the design is (2,2, 3)-resolvable.
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R113a: v=14,r =10,k =4,0=35, A\ =6, =2, m=7,n = 2.

a+a4
a+at

a+a3
a+ad

a+a2

T e

a+a®+at I
I, a+a?+at |-

Since each row sum of Ny, Ny, N3 and Ny is 2, 2, 2 and 4 respectively, the design is
(2,2,2,4)-resolvable.

. R123a: v=18,r =10, k=4, 0=45, \1 =0, =2, m =6, n = 3.

N — (N1|N2|N3) —
Psvo 06 at a+a’+ad|la+a® ot ad
Qoxo | @+ + o Os ot @  a+ad ot ,
Rexo at a+ao?+ad 06 at o a+ad
[ I3] 05| B2 (B I3 04 (05| B I
where Fsyg = < I | 05 62 , Qoxg = 52 ;05 ) Rgxo = 03 62 I and

B = circ(010).

Since each row sum of Nj, Ny and N3 is 2, 4 and 4 respectively, the design is (2,4, 4)-
resolvable.

R124a: v=22,r=8, k=4, b=44, \i =4, g =1, m=11,n=2.

a+ab
a+a’

a+a’

a+ab

N = (i) = T

a+a’+at a >

Since each row sum of Nj, Ny and N3 is 2, 2 and 4 respectively, the design is (2,2, 4)-
resolvable.
R126a: v=24,r=9, k=4, b=54, \{ =5, g =1, m=12, n = 2.

B ([ Pla+a |at+ao'l |a+ta®+o’ o
N = (N1|N2|N3|Ny) = ( Platal| atal o atattad |
where P = czrc(OleOOO) . Since each row sum of Ny, Ny, N3 and Ny is 1, 2, 2 and 4
6

respectively, the design is (1,2, 2, 4)-resolvable.
R128a: v =26, 7 =10, k=4, b=65, \, =6, \g = 1, m = 13, n = 2.

a+ad
a+ad

a+at
a+a?

a+a?
a+at

a+ab+ab a
N = (NNl = T i)

Since each row sum of Ny, Ny, N3 and Ny is 2, 2, 2 and 4 respectively, the design is
(2,2,2,4)-resolvable.
R152a: v=22,r=10,k=5,b=44, \1 =0, Ao =2, m=11, n = 2.

a+aol+ad+ab o?
N:(N1|N2):< 9

a a+al+at+ab| a24+a% a4+ad+ab

at+at+a®  a?+alf )

Since each row sum of Ny and N is 5, the design is 5— resolvable [see Saurabh (2024a)].
R163: v=45,r=10,k=5,b=90, \y =0, o =1, m =9, n =5.
A 5-resolvable solution of the design is presented in Table 2:
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Table 2: Resolution classes of R163
Resolution class 1
(2, 3, 10, 22, 25) | (15, 17, 19, 32, 36) | (4, 7, 29, 30, 37) | (1, 14, 18, 42, 44) | (23, 25, 30, 40, 44)
(1, 3, 11, 23, 26) | (13, 18, 20, 33, 34) | (5, 8, 28, 30, 38) | (2, 15, 16, 40, 45) | (20, 27, 31, 39, 44)
(1,2, 12, 24, 27) | (14, 16, 21, 31, 35) | (6, 9, 28, 29, 39) | (3, 13, 17, 41, 43) | (21, 25, 32, 37, 45)
(5, 6, 13, 19, 25) | (11, 18, 22, 30, 35) | (1, 7, 32, 33, 40) | (4, 12, 17, 38, 45) | (19, 26, 33, 38, 43)
(4, 6, 14, 20, 26) | (12, 16, 23, 28, 36) | (2, 8, 31, 33, 41) | (5, 10, 18, 39, 43) | (21, 23, 34, 38, 42)
(4,5, 15, 21, 27) | (10, 17, 24, 29, 34) | (3, 9, 31, 32, 42) | (6, 11, 16, 37, 44) | (19, 24, 35, 39, 40)
(8,9, 16, 19, 22) | (12, 14, 25, 29, 33) | (1, 4, 35, 36, 43) | (7, 11, 15, 39, 41) | (20, 22, 36, 37, 41)
(7,9, 17, 20, 23) | (10, 15, 26, 30, 31) | (2, 5, 34, 36, 44) | (8, 12, 13, 37, 42) | (24, 26, 28, 41, 45)
(7.8, 18, 21, 24) | (11, 13, 27, 28, 32) | (3, 6, 34, 35, 45) | (9, 10, 14, 38, 40) | (22, 27, 29, 42, 43)
Resolution class 11
(11, 12, 19, 31, 34) | (6, 8, 10, 23, 27) | (5, 9, 33, 35, 37) | (5, 11, 17, 40, 42) | (20, 21, 28, 40, 43)
(10, 12, 20, 32, 35) | (4, 9, 11, 24, 25) | (6, 7, 31, 36, 38) | (6, 12, 18, 40, 41) | (19, 21, 29, 41, 44)
(10, 11, 21, 33, 36) | (5, 7, 12, 22, 26) | (4, 8, 32, 34, 39) | (7, 10, 13, 44, 45) | (19, 20, 30, 42, 45)
(14, 15, 22, 28, 34) | (2, 9, 13, 21, 26) | (3, 8, 29, 36, 40) | (8, 11, 14, 43, 45) | (23, 24, 31, 37, 43)
(13, 15, 23, 29, 35) | (3, 7, 14, 19, 27) | (1, 9, 30, 34, 41) | (9, 12, 15, 43, 44) | (22, 24, 32, 38, 44)
(13, 14, 24, 30, 36) | (1, 8, 15, 20, 25) | (2, 7, 28, 35, 42) | (1, 13, 16, 38, 39) | (22, 23, 33, 39, 45)
(17, 18, 25, 28, 31) | (3, 5, 16, 20, 24) | (2, 6, 30 32,43) | (2, 14, 17, 37, 39) | (26, 27, 34, 37, 40)
(16, 18, 26, 29, 32) | (1, 6, 17 21, 22) | (3,4, 28, 33, 44) | (3, 15, 18, 37, 38) | (25, 27, 35, 38, 41)
(16, 17, 27, 30, 33) | (2, 4, 18, 19, 23) | (1, 5, 29, 31, 45) | (4, 10, 16, 41, 42) | (25, 26, 36, 39, 42)

Remark 1: Juxtaposing the resolution classes I and II of R163 with the resolution class III
given below, we obtain a (1,5,5)-resolvable solution of BIB design with parameters: v = 45,
r=11, k=5 b=99, A = 1. The blocks of resolution class III are rows of the GD scheme.
This BIB design is listed as 798 in the Table of Takeuchi (1962).

Resolution class III: (1, 10, 19, 28, 37); (6, 15, 24, 33, 42); (2, 11, 20, 29,38); (7, 16, 25,
34, 43); (3, 12, 21, 30, 39); (8, 17, 26, 35, 44); (4, 13, 22, 31, 40); (9, 18, 27, 36, 45); (5, 14,
23, 32, 41).

10. R167a: v =12, r =9, k=06,b=18, A\, =5, Ay =4, m = 6, n = 2.
Is+a+a?®+ ot

a2—|—a3

a+a®+at

V=l = (3T

o+«
Is+a+a’+a* )
Since each row sum of N7 and N, is 3 and 6 respectively, the design is (3, 6)-resolvable.

2.2. A(2,2,2,2,6)-resolvable BIB design

The following solution of BIB design 749 : v = 22,r = 14,k = 4,b = 77, A = 2 using the
method of differences may be found in Takeuchi (1962):

[(007 107 307 101)7 (017 117 317 100)7 (007 107 507 81)7 (017 317 517 80)7 (007 407 50; 61)a (01; 41; 51) 60)7
(00, 40, 01, 41)] mod 11.

The incidence matrix N of the design may be decomposed into block submatrices as
follows:

N = (N1|Na|N3|Ny|Ns) =
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Iy +a°
a?+ab

I + ot
o? —i—ozg

Iy +a3

Iy + a?
at 4+ a”

a’® +ab

In+a+a+al® Iy Iy
011 111+a2+0z7 [11+C¥9+Oé10 ’

where o = ¢irc(010...0) is a permutation circulant matrix of order 11. Since each row sum
of N1, N, N3, Ny and Nj is 2, 2, 2, 2 and 6 respectively, the design is (2,2, 2, 2, 6)-resolvable.

Further repeating the above solution three times, we obtain a 6-resolvable solution
of the BIB design with parameters: v = 22,r =42, k = 4,b = 231, A\ = 6. The 6-resolvable
solution is not reported in the Tables of Kageyama and Mohan (1983) and Subramani (1990).
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