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Abstract

In this study, we present a comprehensive Bayesian predictive inference framework
for binary responses, using of probability survey samples with auxiliary data. The proposed
framework integrates survey weights into a logistic regression model. We explore six dis-
tinct models comprising both unnormalized and normalized weighted likelihoods, with three
variations of adjusted survey weights: original, trimmed, and calibrated. The logistic re-
gression model is implemented utilizing the Metropolis-Hastings sampler. Subsequently, we
employ the surrogate sampling and stratification approach to make predictive inferences on
finite population parameters. The comparative performance and efficacy of the six models
are assessed via a simulation study and a real-world dataset on body mass index. Our re-
sults reveal that models incorporating normalized density functions with adjusted trimmed
weights demonstrate superior estimation accuracy while maintaining adherence to Bayesian
principles, particularly in the presence of survey weight outliers. These findings underscore
the significance of the proposed framework and the excellence of adjusted trimmed weights
for effective predictive inference in survey-based studies.

Key words: Sampling theory; Survey weights; Bayesian inference; Pseudo-likelihood; Gener-
alized linear models.
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1. Introduction

In statistics, survey sampling is a vital methodology for obtaining valid and reliable
data from a representative subset of a population. The goal of survey sampling is to reduce
cost and obtain a sample with similar characteristics to the population in terms of key
variables of interest. By carefully selecting a sample that is representative of the population,
researchers can make predictions and inferences based on the sample data. Also, survey
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sampling is utilized to make accurate estimates and predictions about the population as a
whole.

In survey sampling, survey weights are used to adjust for any sampling biases that
may be present in the sample data. They are used to ensure that the sample is representative
of the population from which it was drawn. The use of survey weights is essential to ensure
that inferences and estimates made from the sample data are accurate and unbiased (Lohr,
2009). However, incorrect or improper use of survey weights can lead to biased estimates
and inaccurate inferences. The opening sentence in Gelman (2007) is, “Survey weighting is a
mess. It is not always clear how to use weights in estimating anything more complicated than
a simple mean or ratio, and standard errors are tricky even with simple weighted means.”
Lohr (2007) responded in her comments, “I do not think that survey weighting is a mess,
but I do think that many people ask too much of the weights.” We agree with Lohr (2007)
that there is a limit to how much can be gained from survey weights, but we should make
every effort to do so.

The process of weighting involves the calculation of weight for each unit in the sam-
ple, which is done by taking the inverse of the probability of selection. This allows for a
correction of bias that may be present in the sample data due to the sampling design. For
example, if some groups in the population have a lower probability of being selected, then
the weight for each unit in those groups will be adjusted upward to ensure that the sample is
representative of the population. In data sets from population surveys, the weights attached
to the units can include adjustments for unit non-response, and post-stratification to match
the distributions of auxiliary variables with known distributions in the population (Chen
et al., 2017). Also, it is possible to generate survey weights by using a single nonprobability
sample. Elliott and Valliant (2017) used propensity scores to obtain surrogates for survey
weights for nonprobability sample. Chen et al. (2020) used weighted likelihoods to obtain
propensity scores, and Robbins et al. (2021) concentrated on design-based methods such as
calibration and propensity score weighting (without parametric models). Nandram and Rao
(2021) and Nandram et al. (2021) showed a full Bayesian approach to incorporate nonprob-
ability sample and a probability sample. However, our concern is not about how to estimate
survey weights, but rather to show the comparisons of different types of adjusted weights
into a parametric model. Note that Yang et al. (2023) discussed the performance of nine
methods but they did not take auxiliary information into consideration.

When the study variable is binary, Bayesian logistic regression is a widely used prob-
abilistic model that holds the relationship between covariates and the study variable. It
utilizes Bayesian inference to calculate the posterior distribution of the model parameters
given the observed data. In contrast to traditional (frequentist) logistic regression, Bayesian
logistic regression explicitly models the uncertainty in the model parameters and produces
a distribution over the possible parameter values. This distribution can be used to make
probabilistic predictions and to qualify the uncertainty in the model’s predictions. Although
it is practical to weight units in order to help mitigate the effects of differential inclusion
into the sample, the estimates that result can often be very ineffective.

Auxiliary information refers to additional data or variables that are not the primary
focus of a statistical analysis but can provide valuable support or enhancement to the analy-
sis (Srivastava, 1967). In our context, covariates (independent variables) are often considered
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auxiliary information. While the response variable is the main focus, including covariates
in the model can help account for additional variability and better capture the relation-
ships within the data. The covariates not only provide auxiliary information, but also are
an essential component in the modeling that focuses on regression and the estimation of
the corresponding regression coefficients. Roberts et al. (1987) and Archer and Lemeshow
(2006) discussed different test statistics for logistic regression analysis that are adapted to
include the survey design. Rader et al. (2017) proposed weighted estimating equations for
logistic regression models to correct bias of estimates. Chen and Nandram (2023) described
a hierarchical Bayesian logistic regression model to capture the variation in the binary data.
The same idea is shown in the work of Barasa and Muchwanju (2015), but they only ana-
lyzed the regression coefficients, rather than making predictions and inferences about a finite
population quantity.

Predictive inference can be obtained using surrogate sampling. This model is adjusted
using the survey weights to account for selection bias. After this adjustment, we obtain
the posterior distribution of the model parameters, which are interpreted as population
parameters. At this stage, the original sample data and their weights are no longer needed.
Using the posterior parameters, we then generate the full population from the population
model, which is referred to as surrogate sampling (Nandram, 2007). For example, suppose
we have a population model with the population size N ,

y1, . . . , yN |θ
˜

ind∼ f(y | θ
˜
).

With the observed sample data (wi, yi), i = 1, . . . , n and a prior on θ
˜
, we are able

to obtain the posterior density π(θ|ys˜
). Suppose the focus is on the mean of the finite

population, denoted as Ȳ . Subsequently, Bayesian predictive inference regarding the mean
of the finite population is acquired through the following process,

π(Ȳ |ys˜
) =

∫
f(Ȳ |θ)π(θ

˜
|ys˜

)dθ
˜
,

where f(Ȳ |θ
˜
), the population model, does not depend on ys˜

; see Nandram and Rao (2021).
We simply draw θ

˜
from the posterior density π(θ

˜
|ys˜

) and draw Ȳ from the population model.
In general, the available information in this study is the study variable and the covariates
of the survey sample. Based on the surrogate sampling method, we incorporate the survey
weights into the population model to obtain the sample distribution.

The main goal of this study is to evaluate the performance of six models to do Bayesian
predictive inference of finite population interests. In Section 2, we explain three types of
adjusted survey weights: adjusted original survey weights, adjusted trimmed survey weights
and adjusted calibrated survey weights. Then we incorporate weights into the unnormalized
model and normalized model to access Bayesian predictive inference. In Section 3, a simu-
lation study is carried out to further understand these six models by the absolute relative
bias (ARB), the posterior standard deviation (PSD), the posterior root mean squared error
(PRMSE), the coverage probability (CP), and the width of highest posterior density interval
(Wid). In Section 4, we present an application using body mass index (BMI) data from the
Third National Health and Nutrition Examination Survey (NHANES III) and compare the
posterior means and posterior standard deviations of these six models. Finally, Section 5
gives some recommendations for further research after reviewing the study’s advantages and
disadvantages in greater depth.
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2. Bayesian methodology

In this section, we establish a general framework for statistical inference of a binary
variable from probability survey samples when pertinent auxiliary data are available. In
particular, we demonstrate how to include survey weights in a logistic regression model. The
survey weights are included using six different methods, which use either unnormalized or
normalized weighted likelihoods. We employ three different kinds of adjusted survey weights,
based on the original survey weights, trimmed survey weights, and calibrated survey weights.

2.1. Adjusted survey weights

Assuming that the selection probability only depends on the covariates that are ob-
served (i.e., ignorable selection), for unit i, let yi be a vector of response; xi˜

be a vector of
observed covariates. When a sampling plan is used in a finite population of size N to draw
a sample of size n, with given survey weights in the sample, W1, . . . , Wn, Horvitz-Thompson
estimators of population total and population size are,

T̂ =
n∑

i=1
Wiyi, N̂ =

n∑
i=1

Wi.

These estimators are typically applied in a similar ways and are design-unbiased.

Weight trimming is a technique used to handle outliers in a dataset by replacing
extreme values with less extreme ones (Haziza and Beaumont, 2017). This can reduce the
impact of outliers on statistical analyses. Specifically, weight trimming replaces extreme
values with either the next smallest or next largest non-outlier value in the dataset, up to a
certain percentile or quantile threshold. It can help improve the robustness and reliability
of statistical analyses; see Rao (1966) and Basu (2010).

In our work, Q3 + 1.5(Q3 − Q1) is considered as the threshold, where Q1 is the first
quartile, Q3 is the third quartile. Let W

˜
∗ be weights after trimming and W0 be the threshold,

where W0 = Q3 + 1.5(Q3 − Q1), then

W ∗
i =

{
W0, Wi ≥ W0
aWi, Wi < W0

, (1)

where a is a rescaling parameter so that ∑n
i=1 W ∗

i = ∑n
i=1 Wi = N̂ , ensuring the summation

of weights would not be changed after the trimming. This rescaling step is important to keep
the HT estimator of population size the same, but we can not trim too much. The choice
of W0 has been discussed by Potter (1990); see also Chen et al. (2017) for an explanation
of weight trimming processes. In our case, we use Q3 + 1.5(Q3 − Q1), which is the common
rule in boxplot construction to detect outliers. It is true that weight trimming can lead to
biased estimates, but it will increase the effective sample size.

Calibrated survey weights were used to adjust for the under-representation of certain
population groups in the sample (Haziza and Beaumont, 2017). This was necessary to
improve the accuracy and reliability of the study’s estimates of obesity prevalence in the
finite population. Calibrated survey weights are a common technique used in survey research
to adjust for non-representative samples or under-representation of specific subgroups.
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Assume we can find the totals of each covariate, t
˜
, through a census, government

documents, or online scraping. By the calibration equations, ∑n
j=1 W̃jxj = t

˜
, survey weights

are calibrated as W̃
˜

. As proposed by Haziza and Beaumont (2017), a distance function G(u)
is used to make sure W̃

˜
are as close as possible to W

˜
, where G(u) ≥ 0 and G(1) = 0; G(u)

is differentiable, say g(u) = G′(u), g(1) = 0, and strictly convex. The coefficient qj is the
scale factor indicating the importance of unit j in the distance calculation. In most practical
situations, the factor qj is set to 1. Let the qj be set to 1, then the calibrated weights are

argmin
W̃j

n∑
j=1

W̃j

qj

G

(
W̃j

Wj

)

s.t.
n∑

j=1
W̃jxj = t

˜
.

(2)

To find the minimal value of a function subject to equality constraint, Lagrangian
multipliers, λ

˜
= (λ1, . . . , λp)′, are commonly used. We have,

ϕ
(
W̃1, . . . , W̃n, λ

˜

)
=

n∑
j=1

W̃jG
(

W̃j

Wj

)
qj

− λ
∼

′

 n∑
j=1

W̃jxj − t
˜

 . (3)

After we obtain λ̂
˜

(Haziza and Beaumont, 2017; Nandram et al., 2021), the calibrated
weights are straightforward,

W̃j = Wjg
−1
(
qjλ̂˜

′x
˜j

)
, j = 1, . . . , n. (4)

In our study, we consider the simple Euclidean distance, G(u) = 1
2(u − 1)2, to have

the closed-form solutions. Let

A =
n∑

j=1
qjWjx˜jx˜

′
j, b

˜
= t

˜
−

n∑
j=1

Wjx˜j. (5)

Therefore, by solving Aλ
˜

= b
˜

for λ̂
˜

and assuming A is invertible, we have λ̂
˜

= A−1b
˜and the calibrated weights are,

W̃j = Wj

(
1 + qjλ̂˜

′x
˜j

)
, j = 1, . . . , n. (6)

It is worth noting that if λ̂
˜

= 0
˜
, there are no differences between original survey

weights and calibrated ones. In addition, negative calibrated weights can occur when the
sample selected for the survey is not representative of the population in some way. This can
happen for a variety of reasons, such as non-response bias, sampling error, or the use of an
inappropriate weighting adjustment procedure. When this happens, the calibrated weights
may be negative for some observations in the sample.
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To avoid the negative calibrated weights, we rescale the negative weights to be pos-
itive. This is done by setting the weights that less than 1 to 1, because the smallest repre-
sentative size should be greater or equal to 1, then normalized them to sum to the original
total weights so that the sample size is preserved.

Effective sample size is a measure of the amount of independent information contained
in a sample of data. In statistics, it is used to adjust for the fact that the observed sample size
may not reflect the actual amount of independent information in the data due to issues such
as dependence between observations, clustering of data, or non-random sampling (Potthoff
et al., 1992). A larger effective sample size indicates that the sample contains more indepen-
dent information, and therefore provides more accurate estimates and narrower confidence
intervals. Conversely, a smaller effective sample size indicates that the sample contains less
independent information, which can result in less precise estimates and wider confidence
intervals. Let ne denote the effective sample size, and w

˜
be adjusted original weights, w

˜
∗ be

adjusted trimmed weights, w̃
˜

be adjusted calibrated weights. For i = 1, . . . , n, we construct
three types of adjusted weights,

ne =

(∑n
j=1 Wj

)2

∑n
j=1 W 2

j

, wi = neWi∑n
j=1 Wj

, (7)

n∗
e =

(∑n
j=1 W ∗

j

)2

∑n
j=1 W ∗2

j

, w∗
i = n∗

eW
∗
i∑n

j=1 W ∗
j

, (8)

ñe =

(∑n
j=1 W̃j

)2

∑n
j=1 W̃ 2

j

, w̃i = ñeW̃i∑n
j=1 W̃j

. (9)

So far, we described the details of these three types of adjusted weights; adjusted
original weights w

˜
, adjusted trimmed weights w

˜
∗, and adjusted calibrated weights w̃

˜
. They

are more accurate and reliable than unadjusted ones. In addition, adjusted trimmed weights
are not able to be unduly influenced by a few extreme observations, and can help improve
the robustness of the analysis to data that may not confirm to certain assumptions, such as
the normality of the data or the homogeneity of variance (Lohr, 2009). Survey weights are
designed to reflect the representativeness of sampled units about the broader population.
Extreme weights may result from various factors, such as nonresponse, oversampling of
certain groups, or errors in the weight calculation process. For example, if the extreme
survey weights are caused by oversampling of certain groups, the adjusted trimmed weights
downplay the contribution of these values, reducing their impact on the analysis. In this case,
the impact could be the normality of the data or the homogeneity of variance. Designed to
adjust for differences between the sample and the population on certain variables of interest,
such as age, gender, or education level, calibrated weights can help correct for potential
biases and improve the representativeness of survey data.
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2.2. Weighted density

Suppose that a probability sample of size n is taken from a finite population,

y1, . . . , yn | θ
˜

iid∼ f(y | θ
˜
).

With given survey weights of each unit in the sample, W
˜

, the Horvitz-Thompson
estimator of the log-likelihood for the entire population, L(θ

˜
), is

L̂(θ
˜
) =

n∑
i=1

Wi log
{
f(yi|θ˜

)
}
,

where we use Wi to illustrate our models, but replace the weights with adjusted survey
weights wi in application.

The density function is g(yi|θ) ∝ f(yi | θ
˜
)Wi , i = 1, . . . , n.

However, f(yi | θ
˜
)Wi is an unnormalized ‘density’ function. We need to insert the

normalization constant,
∫

f(yi | θ
˜
)Widyi, such that g(yi | θ

˜
) integrates to 1. Therefore, we

have,

g(yi|θ˜
) = (f(yi|θ˜

))Wi∫
(f(yi|θ˜

))Widyi

.

When the normalization constant is a function of θ
˜
, it is important to keep this part to follow

the rules of Bayesian theory (see more in Nandram and Rao, 2024). The denominator can
be a function of θ

˜
and can not be ignored.

In this study, we focus on the binary response; see more examples in Yang et al.
(2023) and details in Appendix B. We assume logistic regression with p covariates, including
an intercept, for the population model,

yi | β
˜

ind∼ Bernoulli

 ex
˜

′
iβ˜

1 + ex
˜

′
iβ˜

 , i = 1, . . . , N, (10)

where N , the population size, and the non-sampled x
˜i may be unknown, and these can come

from an external source or from a calibrated bootstrap of the sampled covariates. Note that
there are no survey weights in the population model.

For the sample, we have (Wi, x
˜i, yi), i = 1, . . . , n. Without the normalization,

f1 (yi | β
˜
) =

 ex
˜

′
iβ˜

1 + ex
˜

′
iβ˜

Wiyi (
1

1 + ex
˜

′
iβ˜

)Wi(1−yi)

, i = 1, . . . , n, (11)

independently, but note that this is not probability mass function in yi, despite the fact that
it is typically employed in model-based analysis of data derived from survey sampling. With
normalization,
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f2(yi|θ˜
) = (f1 (yi|θ˜

))Wi

f1 (yi = 0|θ
˜
))Wi + f1 (yi = 1|θ

˜
))Wi

(12)

=

(
ex˜

′
i
β
˜

1+e
x
˜

′
i
β
˜

)yiWi
(

1

1+e
x
˜

′
i
β
˜

)(1−yi)Wi

(
e
x
˜

′
i
β
˜

1+e
x
˜

′
i
β
˜

)Wi

+
(

1

1+e
x
˜

′
i
β
˜

)Wi
(13)

=
 eWix

˜
′
iβ˜

1 + eWix
˜

′
iβ˜

yi (
1

1 + eWix
˜

′
iβ˜

)(1−yi)

. (14)

Therefore,

yi | β
˜

ind∼ Bernoulli

 eWix
˜

′
iβ˜

1 + eWix
˜

′
iβ˜

 , i = 1, . . . , n. (15)

Once more, the Bayesian paradigm favors the normalized form (i.e. the covariates and
weights) to provide coherent.

Then, using a flat prior on β
˜
, π(β

˜
) = 1, the joint pseudo-posterior density and the

joint posterior density are,

π1(β˜
| y

˜
) ∝

 e
∑n

i=1 yiWix
˜

′
iβ˜∏n

i=1(1 + ex
˜

′
iβ˜)Wi

 , β
˜

∈ Rp, (16)

π2(β˜
| y

˜
) ∝

 e
∑n

i=1 yiWix
˜

′
iβ˜∏n

i=1(1 + eWix
˜

′
iβ˜)

 , β
˜

∈ Rp. (17)

For both posterior distributions, the prior is assumed to be a uniform distribution on
β
˜
; see Chen et al. (2008) for more details about Jeffreys’ prior.

Note that the Pólya–Gamma data augmentation for logistic regression (Polson et al.,
2013) cannot be applied generally in our setting. In the expression for π2(β˜

| y
˜
) in (17),

we can rewrite x
˜

′
i as x

˜i, in a form that allows the Pólya–Gamma augmentation to be used
entirely within (17). However, this reparameterization is not possible for the expression in
(16), and therefore the Pólya–Gamma data augmentation cannot be applied there.

In this application, for the sake of generality, we instead use a more flexible and general
Metropolis–Hastings sampler to obtain samples of β

˜
; see Appendix A for more details. For

both posteriors, large values of Wi will give unacceptably small variance, so it is necessary
to replace the original weights with adjusted weights. After we replace the original survey
weights with three adjusted weights in these two posteriors, we have six models, and they
are illustrated in the following flowchart; see Figure 1.
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Figure 1: A flowchart of the six models

2.3. Bayesian predictive inference for logistic regression

To perform Bayesian predictive inference, we first specify a prior distribution for the
model parameters β1, β2, . . . , βp−1. This prior can be chosen based on our prior beliefs or
knowledge about the relationship between the predictor variables and the outcome. We
then update this prior using Bayes’ theorem to obtain the posterior distribution over the
parameters given the observed data,

π(β
˜
|y, x

˜
) ∝ π(y|x

˜
, β
˜
)π(β

˜
),

where π(y|x
˜
, β
˜
) is the likelihood function, which specifies the probability of the observed

data (y) given the predictor variables (x
˜
) and the model parameters (β

˜
), and π(β

˜
) is the

prior distribution over the parameters. It can be shown that under mild conditions, π(β
˜
|y, x

˜
)

is proper.

Bayesian predictive inference for logistic regression is a method used to make pre-
dictions about the probability of a binary outcome (e.g., success/failure) based on a set of
predictor variables. In this approach, we start with a prior distribution over the model pa-
rameters and update this distribution based on the observed data using Bayes’ theorem. The
resulting posterior distribution over the parameters can then be used by the stratification
method to make predictive inferences about the population.

Specifically, we use a logistic regression model of the form,

log p(y = 1|x)
1 − p(y = 1|x) = β0 + β1x1 + β2x2 + ... + βp−1xp−1,

where p(y = 1|x) is the probability of the binary outcome (y = 1) given the predictor
variables (x

˜
), β0 is the intercept, β1, β2, . . . , βp−1 are the coefficients for the predictor variables
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x1, x2, . . . , xp−1, and the logistic function maps the linear combination of predictor variables
to a probability between 0 and 1. Once we have obtained the posterior distribution over the
parameters, we can use it to make predictions about the probability of the binary outcome
for new observations.

In this study, one of the primary challenges is the estimation of non-sampled variables.
These are essential for predicting the proportion of the finite population but are typically
unknown. To address this, we use a form of stratification to make predictive inferences about
covariates of the population.

In this approach, the population is divided into K distinct strata or cells. Under
the assumption that the sample covariates sufficiently represent the population, particularly
when the sample size is large, unobserved variables can be structurally excluded, because the
sampled covariates are likely to capture a broad spectrum of the population characteristics.

For the k-th stratum, the corresponding variables x
˜k are known and every unit has

the same covariates. Once the successful stratification of the population, the reliance on
the estimation of non-sampled variables, which is a hard and resource-intensive task, is
efficiently eliminated. Then, we can use the Horvitz-Thompson estimator for each stratum by
aggregating the original survey weights of each unit in the stratum, denoted by N̂k = ∑

i∈κ Wi,
where κ is the set of indexes in stratum k.

Surrogate sampling (Nandram, 2007) in Bayesian predictive inference involves ob-
taining predictions for a target parameter or quantity of interest by drawing samples from
the posterior distribution of the model parameters. Instead of directly simulating from the
predictive distribution, surrogate sampling simplifies the process by breaking it into two
steps. Firstly, obtaining samples from the posterior distribution of the model parameters
given the observed data by using Bayesian inference techniques, such as Markov chain Monte
Carlo (MCMC) or other sampling methods. Secondly, for each set of sampled parameters,
draw predictions for the quantity of interest using the population model. The population
model represents the assumed distribution of the data given the model parameters. The
term “surrogate” reflects the fact that the samples are used as substitutes for direct samples
from the predictive distribution, and the whole population is sampled.

Therefore, according to the population distribution (Equation 10), we have,

tk | β
˜

ind∼ Binomial

N̂k,
ex
˜

′
kβ˜

1 + ex
˜

′
k
β
˜

 , k = 1, . . . , K, (18)

where tk is the total of the binary outcome (y = 1) in this stratum, and K denotes the
number of unique combinations of covariates. For example, in our study, we only focus on
age (20-90), race (0 or 1), and sex (0 or 1), which means there are 284 combinations of these
covariates in the population. The estimate of the finite population proportion is then given
by,

T̂ =
∑K

k=1 tk∑K
k=1 N̂k

.

Moreover, this method, which is a form of stratified analysis, is particularly feasible
when all covariates are discrete, each having only a few levels, or when a specific continuous



2026] BAYESIAN PREDICTIVE INFERENCE IN LOGISTIC REGRESSION 197

variable can be discretized to a limited number of levels. The discretization of continu-
ous variables can simplify their handling, enabling the application of methods designed for
discrete data. It also helps to reduce the complexity and computational load of the methods.

Furthermore, when auxiliary information is available in the form of known marginal
counts, the raking approach can be used as an alternative and more robust procedure within
strata. However, this auxiliary information is typically not readily available in most in-
stances, and survey weights are normally used as we have done, so prediction using the
already fitted logistic regression is preferred. For example, consider a single stratum with
s successes and f failures, a sample size of n = s + f , with a stratum size of N . Then,
raking allocates N units proportionally to get (s/n)N and (f/n)N . But, of course, this
proportionality assumption may not be true; see Deville et al. (1993) for general multi-way
tables using iterative proportional fitting (IPF).

To summarize, in this approach, the population is divided into K distinct strata or
cells. Under the assumption that the sample covariates sufficiently represent the population,
particularly when the sample size is large, unobserved variables can be structurally excluded,
because the sampled covariates are likely to capture a broad spectrum of the population char-
acteristics. Then, we use the estimated sizes (sum of survey weights) for each stratum. By
dividing sampled variables into distinct strata, we can efficiently make predictive inferences
for a finite population. This is achieved using the covariates and the cumulative weights of
each stratum, and the entire stratum has just one covariate vector. This stratification strat-
egy enables us to effectively use sampled variables for estimation, thus eliminating the need
for estimating non-sampled variables, simplifying the process, and bolstering the reliability
of our results.

3. Simulation

In this section, we generate the finite population and the sample using the design-
based method, where we also vary the strength of the association between the response and
covariates, in accordance with Nandram and Rao (2021) and Chen et al. (2020). Age, race,
and sex, the three covariates, determine the structure of the simulation data as follows:

zi = 24.2449 + .0559x1i + 1.2656x2i + 1.2525x3i + ϵi, (19)

yi =
{

1, zi ≥ 30
0, zi < 30 , i = 1 . . . N, (20)

where,
x1i

ind∼ DiscreteUniform(20, 90),

x3i
ind∼ Bernoulli(0.5),

x2i | x1i, x3i
ind∼ Bernoulli

{
eai

1 + eai

}
,

ϵi
iid∼ Normal

(
0, σ2

)
,

with ai = {24.2449 + .0559x1i + 1.2525x3i}
1

10 . In order to control the correlation coefficient
ρ between zi and the linear predictor x

˜
′
iβ˜

at 0.2, 0.3, 0.5, and 0.8 for the simulation studies,
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the values of σ are selected as 6.8638, 4.4551, 2.4267, and 1.0508, respectively. A Monte
Carlo check with N = 106 reproduces the target correlations to within 0.0003.

Then, the probability sample with the target sample size n = 200 is taken from the
population with population size, N = 10, 000, by the randomized systematic probability-
proportional-to-size (PPS) sampling method with the selection probabilities,

πi = nbi∑N
i=1 bi

, i = 1 . . . N,

with bi = θ + x1i + 0.2x2i + 0.1x3i, and θ is chosen by trial and error to control the variation
of the survey weights such that max {bi} / min {bi} ≈ 50. After we use the PPS sampling
method with π

˜
to select samples, the survey weight of each unit in the sample is Wi =

1/πi, i = 1, . . . , n.

Two scenarios are considered: scenario 1 using the generated samples and scenario
2 using the generated samples with manually added weights outliers. For scenario 2, we
randomly select 10 samples where the response variable is 0 and multiply the corresponding
weights by 5. These ten units are considered outliers and the outlier fraction is 5% when
sample size is 200. Then, we can calculate these three adjusted weights based on W

˜
. The

outliers are manually generated to create the bias that may be caused by nonresponse,
oversampling of certain groups, or errors in the weight calculation process. We do not make
any changes on the population. For the adjusted calibrated weights, assume the totals of the
population are obtainable. Note that we include the survey weights in the logistic regression
model because the key variables used in the model do not fully account for the complex
survey design, such as the nonresponse issue. Nandram and Choi (2010) have shown that
incorporating weights into the model can provide more accurate assessments of obesity and
overweight in children and adolescents.

In this simulation, our parameter of interest is the finite population proportion. For
a given estimator, its performance is evaluated through the absolute relative bias (ARB),
the posterior standard deviation (PSD), the posterior root mean squared error (PRMSE),
the coverage probability (CP), and the width of the highest posterior density interval (Wid)
computed as

ARB = 1
H

H∑
h=1

| PM (h) − T

T
|,

PSD = 1
H

H∑
h=1

PSD(h),

PRMSE = 1
H

H∑
h=1

√
(PM (h) − T )2 + (PSD(h))2,

CP = 1
H

H∑
h=1

I
(
C

(h)
025 ≤ T ≤ C

(h)
975

)
,

Wid = C
(h)
975 − C

(h)
025,

where T is the true finite population proportion, PM (h) is the posterior mean, PSD(h) is
the posterior standard deviation, I(·) is the indicator function, C

(h)
025 and C

(h)
975 denote the
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endpoints, not necessarily percentiles. All were obtained from the hth simulated sample with
H = 1, 000 as the total number of simulation runs.

1

2

3

Adj−original weights Adj−trimmed weights Adj−calibrated weights

category

v
a

lu
e

Figure 2: Comparison boxplots with three different weights with outliers using
one simulation data when n = 200 and there is 5% weights outliers.

Figure 2 is the boxplot of one simulation run under scenario 2 with weights outliers,
which indicates that the median, quartiles, and range of the adjusted calibrated weights are
very similar to those of the adjusted original weights. Note that this calibration method
could be useful in other cases when the weights need more adjustment. As we trimmed some
weights outliers and reassigned weights to ensure ∑n

i=1 W ∗
i = ∑n

i=1 Wi = N̂ , the boxplot of
adjusted trimmed weights is a little higher and more consistent than others, without any
outliers. Their corresponding effective sample sizes are ne = 162, n∗

e = 184, ñe = 147 out of
the real sample size n = 200 in this run.

Table 1 displays simulation comparisons in the absence of weights outliers. When
there are no outliers of weights in the selected samples, models with unnormalized densities
(model A, C, and E) outperform models with normalized densities (model B, D, and F).
However, in surveys with complex designs, large-scale surveys covering diverse populations,
or surveys experiencing high rates of nonresponse or measurement error, we must consider
the occurrence of survey weights outliers (Nandram and Choi, 2010).

Table 2 presents results under the scenario with 5% weights outliers. In this scenario,
it is reasonable that the assessment metrics of the model ignoring weights are better in
general compared to when both weights with outliers are incorporated. As we generate
samples using the PPS sampling method and specifically introduce weights outliers to the
sample weights, we focus on examining the discrepancies arising from different types of
weights and their associated densities. It shows that model D appears to be a better choice
compared to other models (A, B, C, E, and F) because it consistently demonstrates lower
bias, better precision, and higher overall performance in estimating the parameter of interest.
Models using unnormalized densities with adjusted original weights (model A) and adjusted
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Table 1: Comparison of six models using simulation data with different correla-
tions and weights without outliers

ρ no wgt A B C D E F
ARB 0.2 0.076 0.087 0.126 0.077 0.080 0.086 0.132

0.3 0.076 0.082 0.130 0.076 0.079 0.082 0.128
0.5 0.106 0.110 0.171 0.106 0.131 0.109 0.172
0.8 0.096 0.096 0.127 0.096 0.126 0.097 0.134

PSD 0.2 0.027 0.031 0.041 0.025 0.025 0.032 0.043
0.3 0.026 0.033 0.044 0.025 0.025 0.032 0.042
0.5 0.023 0.029 0.033 0.022 0.023 0.029 0.035
0.8 0.016 0.022 0.020 0.017 0.017 0.023 0.020

PRMSE 0.2 0.046 0.054 0.073 0.046 0.046 0.054 0.076
0.3 0.043 0.050 0.073 0.042 0.043 0.049 0.071
0.5 0.047 0.051 0.073 0.046 0.055 0.051 0.074
0.8 0.034 0.038 0.044 0.034 0.042 0.038 0.046

CP 0.2 0.946 0.951 0.933 0.945 0.941 0.952 0.939
0.3 0.956 0.965 0.948 0.962 0.941 0.958 0.960
0.5 0.905 0.960 0.842 0.918 0.796 0.921 0.863
0.8 0.910 0.953 0.819 0.923 0.810 0.919 0.841

Wid 0.2 0.107 0.124 0.161 0.100 0.100 0.127 0.168
0.3 0.105 0.129 0.174 0.098 0.098 0.125 0.167
0.5 0.092 0.113 0.133 0.088 0.093 0.114 0.139
0.8 0.064 0.089 0.078 0.066 0.068 0.089 0.080

calibrated weights (model E) have similar results across all ρ levels, which suggests that there
are no big differences between adjusted original weights w

˜
and adjusted calibrated weights w̃

˜
,

and the same situation for normalized densities with adjusted original weights (model B) and
adjusted calibrated weights (model F). The models with adjusted trimmed weights (model
C, and D), however, exhibit more substantial difference in these measurements, especially at
lower ρ levels (0.2 and 0.3), with lower ARB, PRMSE, and higher CP. With the setting of
weights outliers, the adjusted trimmed weights show their advantage in this simulation.

It is also notable that at lower ρ levels (0.2 and 0.3), normalized model with adjusted
trimmed weights (model D) performs better than unnormalized model with adjusted trimmed
weights (model C), where model D tends to have relatively low or close ARB values, and
higher CP values.

In our context, outliers refer specifically to survey units with extreme weights, mean-
ing weights that are much larger (or smaller) than those of the other sampled units. Such
extreme weights are common in survey data and, in binary-outcome settings, can strongly
influence predictive inference for the population.

To examine the impact of these weight outliers, we conduct a simulation in which
we generate synthetic data under varying levels of weight contamination, with the fraction
of outlier units ranging from 0 to 0.5. For each scenario, we randomly select a subset of
sampled units according to the specified outlier fraction and inflate their original weights
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Table 2: Comparison of six models using simulation data with different correla-
tions and weights with 5% outliers

ρ no wgt A B C D E F
ARB 0.2 0.076 0.145 0.240 0.074 0.068 0.145 0.222

0.3 0.094 0.149 0.253 0.092 0.088 0.151 0.237
0.5 0.090 0.158 0.247 0.091 0.088 0.159 0.251
0.8 0.116 0.176 0.195 0.124 0.114 0.176 0.210

PSD 0.2 0.028 0.036 0.045 0.026 0.026 0.035 0.044
0.3 0.027 0.035 0.045 0.025 0.025 0.034 0.043
0.5 0.023 0.034 0.037 0.023 0.024 0.032 0.036
0.8 0.016 0.025 0.020 0.016 0.017 0.024 0.020

PRMSE 0.2 0.046 0.076 0.118 0.044 0.042 0.076 0.110
0.3 0.049 0.073 0.117 0.048 0.046 0.074 0.110
0.5 0.042 0.069 0.099 0.042 0.042 0.068 0.100
0.8 0.039 0.058 0.061 0.041 0.039 0.058 0.065

CP 0.2 0.965 0.962 0.835 0.973 0.982 0.945 0.841
0.3 0.962 0.941 0.840 0.966 0.968 0.881 0.808
0.5 0.899 0.954 0.794 0.942 0.975 0.940 0.776
0.8 0.820 0.910 0.648 0.809 0.872 0.853 0.641

Wid 0.2 0.110 0.143 0.177 0.103 0.102 0.138 0.173
0.3 0.105 0.140 0.176 0.100 0.099 0.135 0.169
0.5 0.092 0.134 0.147 0.089 0.093 0.125 0.141
0.8 0.063 0.098 0.081 0.065 0.068 0.096 0.081

by a factor of five. We then apply our full procedure to obtain posterior means under six
competing models and compare their performance using average relative bias (ARB).

The performance of six models at various outlier fraction levels is shown in Figure
3. When the outlier fraction is 0, the result shows that there are no significant differences
between any of the six models. The models using adjusted trimmed weights (models C and
D) perform better than the other models when the outlier fraction rises. This result was
anticipated since weight trimming can reduce the influence of weights with outliers.

It is worth noting that when outlier fractions at a lower lever (0.1, 0.2, and 0.3),
normalized density (model D) appears to have a lower ARB values than unnormalized density
(model C). Nevertheless, the normalized densities (models B and F) have higher ARB values
than the unnormalized densities (models A and E) across all the outlier fractions. There
are no significant differences between unnormalized models using adjusted original weights
(model A) and adjusted calibrated weights (model E), and the same applies to normalized
models (models B and F).

4. Application on body mass index

The proportion of the population that has been identified as being obese is an impor-
tant indicator to research when looking at the health of a finite population. In this section,
we illustrate our six models by using sample BMI data of individuals from eight counties
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Figure 3: ARB Comparison of six models using simulation data with ρ =
0.2, 0.3, 0.5, 0.8 and different outlier fractions.

in California from the Third National Health and Nutrition Examination Survey (NHANES
III). It contains 1,867 observations, which are large enough to create the contingency table
to represent the finite population covariates if we only focus on age, race, and sex. The three
covariates that are typically utilized with BMI data are discrete and include age, race, and
sex. Age has about 71 levels (age runs from 20 to 90) and race and sex, each have two levels,
so there are 284 distinct vectors x

˜
of covariates.

For this example on eight counties in California, we use web scraping and the 1990
census report of California to obtain the totals of each covariate. From the Census, we can
find the population size N , the average age, and race and sex proportions of the population,
which are N = 4, 035, 862, average age = 36.7, race proportion = .719, sex proportion = .497.
Then, we can make comparisons between the results of these various models.

First of all, the incorporation of jittered points in the boxplot may give the impression
that some data points lie below the 0 line, however, it should be noted that all points are in
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Figure 4: Comparison boxplot with jittered points of three different weights
using BMI data

fact positive. In Figure 4, the boxplots of adjusted original weights and adjusted calibrated
weights have a heavy tail, which means there may be some outliers of weights above the
maximum boundary and can affect the estimates a lot. Their corresponding effective sample
size are ne = 498, n∗

e = 1301, ñe = 498.

As we know, outliers can have a significant impact on the effective sample size. For
example, if a dataset with a large number of outliers is used to estimate the mean of a
population, the outliers can pull the mean away from the true value, resulting in a larger
variance and a smaller effective sample size. In this case, the effective sample size would
be lower than the actual sample size, indicating that there is less useful information in the
data for making inferences about the population. For the BMI dataset, the large amount
of outliers decreases the two effective sample sizes derived by adjusted original weights and
adjusted calibrated weights.

The distributions of PMs in Figure 5 show that these normalized models with adjusted
original weights (model B) and adjusted calibrated weights (model F) are to be more to the
right than other models. As a result, it is possible to challenge the accuracy of their estimates.
To thoroughly investigate this issue, additional analysis of the table is required; see Appendix
A for convergence tests.

In Table 3, we present posterior summaries of these six models of the finite population
proportion of obesity. These six models are compared using four metrics, posterior mean
(PM), posterior standard deviation (PSD), posterior coefficient of variation (PCV) and 95%
credible interval. Based on the table, we can observe that for adjusted original weights
and adjusted calibrated weights, the models with unnormalized densities (models A and E)
offer more robustness against weights with outliers and provide more stable estimates of the
population proportion in the presence of extreme weights than the models using normalized
densities (model B and F). The proportion of obese individuals should be a little more around
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Figure 5: Comparison of densities of posterior means (PM) using BMI data

Table 3: Comparison of six models using BMI data

Model PM PSD PCV 95% CI
no wgt 0.238 0.007 0.028 (0.226, 0.251)

A 0.196 0.017 0.089 (0.160, 0.232)
B 0.095 0.016 0.172 (0.065, 0.127)
C 0.226 0.012 0.055 (0.202, 0.251)
D 0.198 0.012 0.059 (0.175, 0.222)
E 0.195 0.018 0.092 (0.162, 0.233)
F 0.094 0.017 0.178 (0.063, 0.128)

0.2. If we exclude those weights, the posterior density of the population proportion shifts
towards the right, resulting in a higher estimated population proportion.

An examination of responses associated with extreme weights reveals that most of
them are 0’s, which decreases the PMs of Models B and F to 0 in Table 3 and Figure
5. However, when we implement weight trimming, an approach designed to mitigate the
influence of these weights with outliers, Models C and D have the higher PMs.

In addition, Models C and D exhibit the smallest PSD (0.012), implying the least
amount of uncertainty in their estimates. This is a critical feature in statistical analysis, as
reduced uncertainty typically translates to more reliable results. The low PCVs for Models
C and D (0.055 and 0.059, respectively) further support their robustness, suggesting the
lowest relative variability in their estimates. Contrastingly, when adjusted original weights
and adjusted calibrated weights are used (as in Models A, B, E, and F), the resultant interval
is wider than that of Models C and D. This interval being wider could potentially introduce
a greater degree of uncertainty into the analysis; see Table 3 and Figure 5.

Figure 6 shows the posterior distributions of β
˜
. It is clear to state that when the

sample size is small, the posterior densities of β
˜

have a large variance. But when we used
the normalized model in the small sample size cases, the distributions shrink a little bit. For
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Figure 6: Comparison of posterior densities of β
˜

using BMI data

the large effective sample size, models with the adjusted trimmed survey weights, there is
no significant difference between the unnormalized model and the normalized model.

5. Concluding remarks

Integrating the relevant auxiliary data, our study presents a framework to conduct
Bayesian predictive inference on binary responses using probability survey samples. We
introduce three distinct adjusted survey weights: the adjusted original survey weights, the
adjusted trimmed survey weights, and the adjusted calibrated survey weights. These weights
are integrated into both unnormalized and normalized densities within the Bayesian frame-
work. Subsequently, the logistic regression model is implemented utilizing the Metropolis-
Hastings sampler, and the predictive inference of finite population interests is made by
surrogate sampling and the stratification approach.

The simulation and BMI dataset demonstrate the advantages of models incorpo-
rating adjusted trimmed weights into normalized density functions, particularly when the
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correlation coefficient is small. These models not only excel in estimation accuracy but also
adhere to the principles of the Bayesian paradigm, ensuring proper posterior distributions.
In scenarios with exceedingly large population sizes, the normalized posterior that employs
adjusted trimmed weights showcases increased robustness against weights with outliers, ul-
timately resulting in more precise estimations of the parameters of interest. Thus, such
models should be carefully considered for their potential benefits when dealing with small
correlation coefficients and large population sizes.

There will be many future works on the Bayesian predictive inference with covari-
ates and survey weights. The proposed framework can be further expanded and applied to
other types of response variables, such as categorical or continuous responses. It can also
be adapted to handle more complex survey data, such as nonresponse and nonprobability
sampling. One possible extension of this weighted logistic regression model is the Bayesian
nonparametric priors based on the stick-breaking process, to increase model’s robustness.
The stick-breaking construction provides a rich framework for capturing complex patterns
in data, making it a powerful tool in Bayesian nonparametric. Ren et al. (2011) introduced
a logistic stick-breaking process as a non-parametric clustering method for general spatially-
or temporally-dependent data, and the underlying assumption is that closely located data
points are more likely to be grouped together. In survey sampling, the clusters often arises
in complex survey sampling methods, especially those involving stratification and clustering.
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APPENDIX A. Metroplis-Hastings algorithm for β
˜

The Metropolis-Hastings algorithm is a Markov chain Monte Carlo (MCMC) method
for generating samples from a target probability distribution that is difficult to sample from
directly. The algorithm is widely used in Bayesian statistics and other applications where
sampling from a complex distribution is necessary. The basic idea of the Metropolis-Hastings
algorithm is to simulate a Markov chain whose stationary distribution is the target distri-
bution of interest. The algorithm proceeds in a series of iterations, where at each iteration,
a candidate state is proposed and accepted or rejected based on a acceptance probability.
The acceptance probability is designed to ensure that the chain converges to the target
distribution, even if the initial distribution is far from it.

In this paper, we use the Metropolis-Hastings algorithm to obtain a sample of β
˜
, with

π(β
˜

| y
˜
) in (16) as the target density. Then, we need to set a candidate generating (proposal)

density, denoted by q(β
˜
). The choice of proposal distribution can have a significant impact

on the performance of the algorithm. Ideally, the proposal distribution should have high
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probability density in regions where the target distribution has high probability density, to
minimize the number of rejected proposals. However, it should also have some probability
density in regions where the target distribution has low probability density, to allow the
chain to explore the entire space.

It is reasonable to consider a normal approximation distribution when the target
density is uni-modal. Specifically, by using the mode of our target density as the mean, β̂

˜
,

and the negative of the inverse-Hessian matrix at the mode as the covariance matrix, Σ̂, we
can obtain the normal distribution. Therefore,

β
˜

| y
˜

app∼ Normal
{
β̂
˜
, σ2Σ̂

}
,

γ

σ2 ∼ χ2
γ,

where γ is the degrees of freedom of the chi-square distribution. We also tune the degrees
of freedom to ensure the jumping rate is between 25% − 75%.

The algorithm works as follows,

1. Start with an initial value, β
˜0.

2. At each iteration t:

(a) Generate a new state, β
˜t, from q(β

˜
).

(b) Calculate the acceptance probability, α(β
˜t, β

˜t−1) = min{1, π(β
˜

t−1)q(β
˜

t)
π(β

˜
t)q(β

˜
t−1)

}, where
β
˜t−1 is the current state.

(c) Generate a uniform random variable u from [0,1].
(d) If u ≤ α(β

˜t, β
˜t−1), accept the proposed state and set β

˜t+1 = β
˜t. Otherwise, reject

the proposed state and set β
˜t+1 = β

˜t−1.

3. Repeat step 2 until convergence.

For the simulation and BMI example, the degrees of freedom are set equal to 8, and
we get jumping rates, (0.468, 0.460, 0.461, 0.462, 0.469, 0.468), for all models in BMI. Addi-
tionally, we set the iteration times to 15,000 with burn-in at 5,000 and take every tenth value
to have the posterior samples of parameters. Then, we use trace plots, auto-correlations,
the Geweke test of stationary, and the effective sample sizes to check their convergence. In
the model without survey weights, the acceptance rate is 0.466, and the Geweke test yields
p-values of (0.482, 0.253, 0.289, 0.446) for each parameter, all with corresponding effective
sample sizes of 1,000.

Table 4 presents the results of a Geweke test and the Effective Sample Size (ESS) for
different parameters (β

˜
) under six different models in the BMI application. In the Geweke

test, a higher p-value suggests that the chain has converged well. In our table, all p-values are
greater than 0.05, apart from β4 of Model E (unnormalized density with adjusted calibrated
weights). Effective Sample Size (ESS) is another diagnostic measure used in MCMC analysis.
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Table 4: P-values and effective sample size for models A-F in BMI

Model A Model B
P-value ESS P-value ESS

Beta 1 0.623 1000 0.620 1000
Beta 2 0.383 1000 0.492 1000
Beta 3 0.435 1000 0.908 1000
Beta 4 0.592 1000 0.926 1000

Model C Model D
P-value ESS P-value ESS

Beta 1 0.296 1079 0.124 1000
Beta 2 0.078 902 0.421 1164
Beta 3 0.543 762 0.662 1000
Beta 4 0.302 1099 0.606 1000

Model E Model F
P-value ESS P-value ESS

Beta 1 0.454 1096 0.447 1000
Beta 2 0.706 1000 0.537 1000
Beta 3 0.848 1000 0.069 1000
Beta 4 0.028 1000 0.907 1000

In our case, the ESS for all parameters of each model is very close to or exceeds 1000 (the
length of βi, i = 1, . . . , 4), except β3 of Model C (unnormalized density with adjusted trimmed
weights), and a few more runs can do, but will virtually not change the predictive inference.

According to all these mentioned measurements, we can conclude that all models
across all parameters have good convergence of the MCMC chains and the results obtained
from these models can be considered reliable.

APPENDIX B. Illustration of impact of normalization constant

Consider the following models for y,

f (y | θ) = θe−θy, θ, y > 0.

Let W > 0 be a fixed real number. Then,

(f(y | θ))W = θW e−θW y, y > 0,

which is not a density function of y. In this way, the density function of y is,

(f(y|θ))W∫
(f(y|θ))W dy

= θW e−θW y∫
θW e−θW ydy

, y > 0.

If we assume the prior of θ, π(θ) = 1, θ > 0, we have two forms of the posterior
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distribution of θ,

π(θ | y) ∝ θW e−θW y, i.e. θ | y ∼ Gamma(W + 1, Wy),
π(θ | y) ∝ θWe−θW y, i.e. θ | y ∼ Gamma(2, Wy).

Obviously,

E1(θ | y) = W + 1
Wy

= (W + 1)a, E2(θ | y) = 2
Wy

= 2a,

V ar1(θ | y) = W + 1
(Wy)2 = (W + 1)a2, E2(θ | y) = 2

(Wy)2 = 2a2,

where a = 1/(W + 1) is an irrelevant value.

If W = 1, there is no difference between the posterior distribution of unnormalized
and normalized density. If W < 1, E1(θ|y) < E2(θ|y) and V ar1(θ|y) < V ar2(θ|y). If W > 1,
the opposite situation holds. Now, it is clear when the normalization constant is related to
the parameter, how it will affect our estimation.
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